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Distance-redshift relation in an isotropic inhomogeneous universe:
Spherically symmetric dust-shell universe. II

Norimasa Sugiura,* Ken-ichi Nakao,† and Tomohiro Harada‡

Department of Physics, Kyoto University, Sakyo-ku, Kyoto 606-8502, Japan
~Received 29 March 1999; published 21 October 1999!

The relation between the angular diameter distance and redshift (dA-z relation! in a spherically symmetric
dust-shell universe is studied. We discover that the relation agrees with that of an appropriate Friedmann-
Lemaı̂tre ~FL! model if we set a ‘‘homogeneous’’ expansion law and a ‘‘homogeneous’’ averaged density
field. This will support the averaging hypothesis that a universe looks similar to a FL model in spite of
small-scale fluctuations of density field, if its averaged density field is homogeneous on large scales. We also
study the connection of the proper mass of a shell with the mass of gravitationally bound objects. Combining
this with the results of thedA-z relation, we discuss an impact of the local inhomogeneities on the determi-
nation of the cosmological parameters through the observation of the locally inhomogeneous universe.
@S0556-2821~99!07520-7#

PACS number~s!: 98.80.Es, 04.30.Nk, 04.50.1h, 95.30.Sf
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I. INTRODUCTION

The standard big bang model is based on the assump
of the homogeneous and isotropic distribution of matter a
radiation. This assumption then leads to the Roberts
Walker ~RW! spacetime geometry and the Friedman
Lemaı̂tre ~FL! universe model1 through the Einstein equa
tion. This standard model has succeeded in explain
various important observational facts: Hubble’s expans
law, the content of light elements, and the existence of
cosmic microwave background radiation~CMBR! @1#.

The CMBR conversely gives a strong observational ba
for the assumption of homogeneity and isotropy of our u
verse by its highly isotropic distribution together with th
assumption that we are not in any special position in
universe~the Copernican principle!. In fact, the deviation of
our universe from a homogeneous and isotropic space i
small as;1025 at the stage of decoupling@2#. Thus our
universe is well approximated by a FL model before t
stage. On the other hand, the present universe is highly
homogeneous on small scales; the density contrast ag
the cosmic background density is of the order of 1030 for the
Sun, 105 on galactic scales, and of the order of unity even
the scale of superclusters. We have to go beyond FL mo
and linear perturbations in considering such systems.

We usually regard that a FL model is a large-scale ‘‘a
erage’’ of a locally inhomogeneous universe~averaging hy-
pothesis!. Even though the observational data are consis
with the picture that our universe is described well by a R
metric with small perturbations, we are not sure how to

*Email address: sugiura@tap.scphys.kyoto-u.ac.jp
†Email address: nakao@tap.scphys.kyoto-u.ac.jp
‡Email address: harada@tap.scphys.kyoto-u.ac.jp
1We use the term ‘‘Robertson-Walker spacetime’’ when we foc

on geometrical aspects of a homogeneous and isotropic model
‘‘Friedmann-Lemaıˆtre model’’ when we discuss its dynamics an
observable quantities.
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rive the background FL model from the inhomogeneous u
verse by any averaging procedure, or how the nonlinear
homogeneities on small scales affect large-scale behavio
the universe@3#. Although one can derive a background F
model from observations of the nearby galaxies with any r
of averaging one likes, it is uncertain whether this bac
ground FL model~or its time evolution backward! agrees
well with the highly homogeneous universe at the early
gime. The discrepancies might appear, for example, in
estimate of the density of baryonic matter, the density
rameter, the age of our universe, and so on. There still
mains a nontrivial question to which we have to give a cle
answer.

Before proceeding to discuss these problems, we sho
make the meaning of the term ‘‘average’’ definite. Avera
ing can be defined as a mapping between an inhomogen
spacetime and a homogeneous one. This mapping is no
stricted to simple volume averaging; other averaging me
ods such as deformation of three-geometry according to
Ricci-Hamilton flow may be possible@4#. By averaging, any-
way, we expect that the large-scale~or coarse grained! be-
havior of the inhomogeneous spacetime is extracted.

Averaging problem has been often studied from the vie
point of the so-called back-reaction problem, i.e., how
small-scale inhomogeneities affect the global dynam
when averaged on larger scales. Using the perturbation
malism and volume averaging, the back-reaction probl
has been studied by several authors@5–9#. Apart from the
problem whether the volume averaging is appropriate or n
one reason which makes the discussion of averaging unc
is that there exists no natural choice of time slice in an
homogeneous universe. This leads to an ambiguity in
definition of averaged expansion rate or averaged den
Actually, there are even apparent discrepancies in the s
ments of the papers above.

One possible prescription to avoid this difficulty is to tre
observable quantities which we can give a clear definiti
From this viewpoint, observational effects on the CMBR
small-scale inhomogeneities have been studied@10,11#.
These are significant in the sense that the back reaction
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SUGIURA, NAKAO, AND HARADA PHYSICAL REVIEW D 60 103508
the observable quantities were discussed~see, e.g., Ref.@12#
for a recent discussion of observable quantities in
Lemaı̂tre-Tolman-Bondi spacetime!. However, the problem
of how to determine the cosmological parameters by obs
ing an inhomogeneous universe seems to have been o
looked.

In Sugiuraet al. ~hereafter paper I! @13#, we investigated
the distance-redshift relation in a spherically symmetric du
shell model, and compared it with that of a FL model. W
focused on a highly~locally! inhomogeneous model; we pre
pared pressureless fluid distributed in discrete shells, wh
cannot be described by small perturbations of a FL ba
ground. We discussed the relation between the behavio
the dA-z relation and the conditions on the initial time slic
concerning the mass density and the expansion rate.
found that the distance-redshift relation observed at the c
ter obeys a FL-like relation, even when there exist only s
eral shells in the initial horizon scale, if the following con
ditions are satisfied on the initial spacelike hypersurface:
expansion law is homogeneous and the density which is
eraged on larger scales than the inhomogeneity scale is
independent~i.e., large-scale homogeneity of density field!.
Here the averaged density is defined simply by dividing
mass of shells by the volume of the hypersurface.

Our previous analysis was, however, limited to a spatia
flat case~the Einstein–de Sitter model!. There is a claim that
the Einstein–de Sitter solution is in a special position a
solution of the Einstein equation; it is a kind of fixed poi
under renormalization group flow defined by the scal
properties of the Einstein equation@14#. Thus, there is a pos
sibility that our results were due to the special behavior
the perturbations of the Einstein–de Sitter model under
averaging procedure. In this paper, we treat nonflat cases
show that statements similar to those of our previous pa
do hold. We also answer some questions unsolved in pap
In particular, the previous study of spatially flat cases co
not answer which mass should be used in defining the a
age density, proper mass which appears in the stress-en
tensor of dust shell, or gravitational mass which specifies
parameter of the Schwarzschild spacetime; they are the s
in the spatially flat model. Also it will be shown that th
significance of the effect of inhomogeneities has curvat
dependence.

We here note three interesting points of the dust-s
model. First, its dynamics is exactly solved; it is not nec
sary to assume the existence of homogeneous backgrou
order to obtain the evolution of matter distribution. Se
ondly, it treats a discrete mass distribution where the lin
perturbation theory is invalid, and also can treat a hig
general-relativistic situation where the scale of inhomoge
ities are comparable to the horizon scale. In a sense, sp
cal dust-shell model is a limit case of the Tolman-Bon
solution. We expect it can represent the Tolman-Bondi a
the FL solutions when we take appropriate limits where
number density of dust shell goes to infinity, though no r
orous proof has been yet obtained. Thirdly, the motion
each shell can be extended even after shell crossing oc
This theme is discussed elsewhere@15,16#.

In order to get an insight into the inhomogeneous unive
10350
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from the study of the dust-shell universe, we will also inve
tigate the origin of the dust shell. Assuming that the d
shell is composed of highly bound objects, we consider
effect of the binding energy of each object on the dynam
of the universe.

The organization of this paper is as follows. In the ne
section, we summarize the basic equations for the dynam
of a dust-shell universe, distance to the shells from the c
ter, and redshift of the shells measured by an observer a
center. This is an extension of the treatment in paper I.
give our results and discussion ondA-z relation and averaged
density in Sec. III. In this section, we also discuss the u
verse filled with gravitationally bound objects and the effe
of the binding energy of each object on the dynamics of
universe. Finally Sec. IV is devoted to the summary. W
follow the sign convention of the Riemann tensor and
metric tensor in Ref.@17# and adopt the unit ofG5c51.

II. FORMULATION OF DUST-SHELL UNIVERSE

A. Equation of motion of dust shell

First, we derive the expansion law of the dust-shell u
verse. We consider a number of spherically symmetric sh
with a common center atr 50 ~see Fig. 1!. We label each
shell by 1,2,...,i ,..., from inside. The region enclosed by th
first shell is the Minkowski spacetime and is labeled as
first region. Similarly, the region enclosed by the (i 21)th
shell andi th shell, which is a vacuum, is labeled as thei th
region. Each shell is infinitesimally thin, characterized by t
surface stress-energy tensorSab which is given by

Sab[ lim
e→0

E
2e

1e

Tabdx, ~2.1!

wherex is a Gaussian coordinate (x50 on the shell! in the
direction normal to the trajectory of the shell. Since ea
region between the shells is a vacuum, the spacetime is
scribed by the Schwarzschild geometry by Birkhoff’s the
rem. The line element in thei th region is written in the form

dsi
252S 12

2mgi

r Ddt21S 12
2mgi

r D 21

dr21r 2dV2,

~2.2!

where the parametermgi will be referred to as a gravitationa
mass (mg150), anddV2 is the line element of a unit sphere

FIG. 1. Dust-shell universe. Between the shells the spac
empty.
8-2
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DISTANCE-REDSHIFT RELATION IN AN. . . . II PHYSICAL REVIEW D 60 103508
We derive the expansion law of a dust shell followin
@18–21#. Let na be a unit spacelike vector normal to th
trajectory of the shell, and define the projection operatorha

b

[da
b2nanb. From the projected Einstein equation

Rabhc
ahd

b58pS Tab2
1

2
gabTDhc

ahd
b , ~2.3!

one obtains

£nKcd13Rcd2KKcd58pS Tabhc
ahd

b2
1

2
hcdTD , ~2.4!

where £n is the Lie derivative alongna and 3Rcd is the
three-dimensional Ricci tensor of the timelike hypersurfa
generated by the motion of the shell. The extrinsic curvat

Kab is defined byKab52 1
2 ha

chb
d£nhcd , and K5Ka

a , T
5Ta

a . Integration of Eq.~2.4! over an infinitesimal range
alongna yields

Kab
1 2Kab

2 58pS Sab2
1

2
habSD , ~2.5!

where the suffix1 denotes a quantity evaluated at the o
side of the shell, and2 at the inside. Using Eq.~2.5! and the
Gauss-Codazzi relation 2Gabn

anb523R1KabK
ab2K2,

one finds that the following relation holds for a dust shel

Sab~Kab
1 1Kab

2 !50. ~2.6!

The stress-energy tensor of a dust shell is given by

Sab5suaub, ~2.7!

whereua is the four-velocity of the observer rest on the she
ands is the surface energy density of the shell. Combin
Eqs.~2.5!, ~2.6!, and~2.7!, we obtain the following equation
for the circumferential radiusr i of the i th shell~the ‘‘expan-
sion law’’ of the dust shell!:

S dri

dt D 2

5
2M̄ i

r i
1H S M 2~ i !

ms~ i ! D 2

21J 1
ms

2~ i !

4r i
2 , ~2.8!

whereM̄ i andM 2( i ) are defined by

M̄ i[
mgi1mgi11

2
, ~2.9!

M 2~ i ![mgi112mgi , ~2.10!

and t is the proper time which is measured by an obser
rest on the shell. The ‘‘proper mass’’ms( i ) of the shell is
defined by

ms~ i !54psir i
2, ~2.11!

where si[2Sa
a( i ). It can be shown this proper mass is

constant of motion by the conservation lawSa;b
b 50, where
10350
e
e

-

,
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the semicolon denotes the three-dimensional covariant
rivative on the trajectory of the shell. We shall assume
energy conditionms>0.

In this paper, we use a common proper timet for all the
shells. The relation betweent and the time coordinate,t, in
the Schwarzschild spacetime is obtained as follows. F
note that two Schwarzschild time coordinates are assigne
each shell: thei th shell has the timet (2) i measured in thei th
region andt (1) i measured in the (i 11)th region. From Eqs.
~2.5! and ~2.6!, we obtain

dt(1) i

dt
5S r i

r i22mgi11
D FM 2~ i !

ms~ i !
2

ms~ i !

2r i
G , ~2.12!

dt(2) i

dt
5S r i

r i22mgi
D FM 2~ i !

ms~ i !
1

ms~ i !

2r i
G .

~2.13!

The procedure to determine the origin of each time coo
nate will be described later.

B. Cosmological parameters and initial condition

In order to specify a dust-shell universe, we have to
the parameters in Eq.~2.8! and the initial hypersurface. We
first rewrite Eq. ~2.8! in the form corresponding to the
Hubble equation of a FL model. We denote the initial c
cumferential radius of thei th shell byxi , i.e.,

r i5xi ~2.14!

on initial hypersurface. We definer i by

M̄ i[
4

3
pr ixi

3 ~2.15!

andki by

M 2~ i !

ms~ i !
[Ei[A12kixi . ~2.16!

HereEi is the specific energy of thei th shell.Ei is positive
through the space in the open and flat FL models and in
the maximum radius in the closed model. In this paper,
consider the cases whereEi.0.

Using these parameters, the expansion law of the d
shell can be written as

S 1

r i

dr i

dt D 2

5
8

3
pr i S xi

r i
D 3

2ki S xi

r i
D 2

1
ms

2~ i !

4r i
4 . ~2.17!

We see that the first term behaves as a nonrelativistic ma
term in the Hubble equation of a FL model, the second a
the third as a curvature and a radiation source term. F
this point of view,r i andki play roles of the ‘‘energy den-
sity’’ and the ‘‘curvature,’’ respectively. The radiationlik
term might be regarded as the effect of the binding energ
the shell@20#. Further it is worthwhile to note that this radia
tionlike term is consistent with the result of Futamase@5#
about the effect of the small-scale inhomogeneities on
8-3
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SUGIURA, NAKAO, AND HARADA PHYSICAL REVIEW D 60 103508
global cosmic expansion. Seeing this, one may expect
the inhomogeneities tend to make the Hubble param
larger compared with a homogeneous universe which has
same ‘‘energy density’’ of nonrelativistic matter. Howeve
this radiationlike term does not necessarily imply the lar
Hubble parameter. In order to see the effect of this term
the Hubble parameter, we need to investigate the dista
redshift relation by solving the null geodesic equations a
compare the result in the inhomogeneous spacetime and
of the FL model. We will discuss this point later.

A dust-shell universe is specified if we set the parame
contained in Eq.~2.17!, i.e.,r i , ki , xi , and an initial hyper-
surface. When we increase the number of the shells to in
ity with r i andki being finite and independent ofi ~we will
mention this limit as ‘‘largeN limit’’ !, the dust-shell uni-
verse approaches a FL universe if we take an approp
initial hypersurface, as we will see in Sec. III. Then the p
rametersr i andki agree with the ordinary energy density a
curvature in the Hubble equation.

We need to derive the expression oft (6) i in terms ofr i
for the later use. The relations betweent (6) i andr i are given
by @we denotems( i ) asmi in the remainder of this section#

dt(6) i

dr i

5
j i@Eir i

27~1/2! mir i #

~r i22M̄ i7Eimi !AXi~r i !
, ~2.18!
he
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Xi~r i !5~Ei
221!r i

212M̄ i r i1
mi

2

4
, ~2.19!

andj i is the sign ofdri /dt. This is integrated to give

t i u65j iTi 6~r i !1j i~2M̄ i6Eimi !

3 lnU 2M̄ i

Gi 6~r i !
~r i22M̄ i7Eimi !U1Ti 6 , ~2.20!

where Ti 6 are integration constants. The functionsTi 6(r )
andGi 6(r ) are given forEi

251 as

Ti 6~r !5
1

3M̄ i
2
S M̄ i r 16M̄ i

26
3

2
M̄ imi2

mi
2

4
DAXi~r !,

~2.21!

Gi 6~r !5HAXi~r !12M̄ i6
mi

2 J 2

, ~2.22!

for E2.1 as
Ti 6~r !5
Ei

Ei
221

AXi~r !1H Ei~2Ei
223!M̄ i6~2Ei

221!~Ei
221! ~mi /2!

~Ei
221!AEi

221
12M̄ i6EimiJ

3 ln@M̄ i1~Ei
221!r 1AEi

221AXi~r !#, ~2.23!

Gi 6~r !5HAEi
221r 1AXi~r !12~Ei2AEi

221!M̄ i6
1

2
~Ei2AEi

221!2mi J 2

, ~2.24!

and forE2,1 as

Ti 6~r !5
Ei

Ei
221

AXi~r !1H Ei~2Ei
223!M̄ i6~2Ei

221!~Ei
221! ~mi /2!

~Ei
221!A12Ei

2 J 2ArcTanSAr 1k

h2r D , ~2.25!

Gi 6~r !5$A~h22M̄ i7Eimi !~k1r !1A~k12M̄ i6Eimi !~h2r !%2, ~2.26!
or
nt
ut-
whereh and2k are the roots ofXi(r )50;

h5
M̄ i1AM̄ i

21~12Ei
2!mi

2/4

~12Ei
2!

, ~2.27!

k52
M̄ i2AM̄ i

21~12Ei
2!mi

2/4

~12Ei
2!

.

~2.28!

There is a coordinate singularity on the Killing horizon in t
Schwarzschild coordinate;t (6) i becomes infinite onr i
52mgi . In order to avoid this coordinate singularity, and f
further calculation, the Kruskal null coordinate is convenie
since we will treat the null geodesics in this spacetime. O
side the horizon in thei th region,r .2mgi , the Kruskal null
coordinates are given by

U[24Amgi~r 22mgi!expS r 2t

4mgi
D , ~2.29!

V[14Amgi~r 22mgi!expS r 1t

4mgi
D , ~2.30!
8-4
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DISTANCE-REDSHIFT RELATION IN AN. . . . II PHYSICAL REVIEW D 60 103508
whereU andV correspond to the retarded time and the a
vanced time, respectively. Using these Kruskal coordina
the line element in thei th region is expressed as

dsi
252

mgi

r
expS 2

r

2mgi
DdUdV1r 2dV2. ~2.31!

Similarly to the Schwarzschild time coordinate, two pairs
Kruskal null coordinatesU (6) i and V(6) i , are assigned to
each shell. Using Eq.~2.20!, we obtain the Kruskal null co-
ordinates labeling thei th shell in the form

U (6) i~r i !524AM̄ i6
Ei

2
mi~2M̄ i !

2j i /2~r i22M̄ i

7Eimi !
~1/2!(12j i )Gi 6

~1/2!j i~r i !

3expF r i2Ti 6~r i !2Ti 6

4M̄ i62Eimi
G , ~2.32!

V(6) i~r i !514AM̄ i6
Ei

2
mi~2M̄ i !

j i /2~r i22M̄ i

7Eimi !
~1/2!(11j i )Gi 6

2~1/2!j i~r i !

3expF r i1Ti 6~r i !1Ti 6

4M̄ i62Eimi
G . ~2.33!

These coordinatesU (6) i and V(6) i , are finite onr i52mgi
and are well defined also forr i,2mgi . Hence, we will use
the expressions~2.32! and ~2.33! for any r i . For j i511,
both U (6) i andV(6) i are negative when 2mgi is larger than
r i . In this case, thei th shell with r i,2mgi is located in the
white hole part of the Schwarzschild spacetime. On the c
trary, for j i521, the i th shell with r i,2mgi is located in
the black hole part.
e

10350
-
s,

f

n-

The determination of the integration constantsTi 6 corre-
sponds to the choice of the initial hypersurface. The pro
dure to construct the initial hypersurface we adopt is su
marized as follows. First, we choose a unit spacelike vec
l a which is directed outward~i.e., pointing the direction in
which labeli increases!. Taking this vector as a starting tan
gential vector, we extend a spacelike geodesic curve un
reaches the second shell. This spacelike geodesic curve
fines the simultaneous hypersurface in the region betw
the first shell and the second shell. Next we extend from
intersection towards the third shell another spacelike geo
sic which starts with another spacelike vector at the sec
shell. This second spacelike geodesic generates a spac
hypersurface in this region. Repeating this process, we c
plete the whole initial hypersurface.

From the above procedure, the integration constant of
~2.20! is determined as follows. In thei th region, the unit
tangent vectorl a of the spacelike geodesic is written as

l t5ei S 12
2mgi

r D 21

, l r5A11ei
22

2mgi

r
, ~2.34!

and the other components vanish, whereei is an integration
constant associated with the geodesic equation. Now
choice of initial time slice reduces to a choice ofei . In Sec.
III, we will see the connection between the choice ofei and
the dA-z relation. Once we fixei , the equation for the tra-
jectory of the spacelike geodesic in the (t,r ) plane is given
by

dt

dr
5

eir
3/2

~r 22mgi!A~11ei
2!r 22mgi

. ~2.35!

Integrating the above equation, we obtain

t5Fi~r !1Di , ~2.36!

where
Fi~r !5
eiArA~11ei

2!r 22mgi

11ei
2 12mgi lnS A~11ei

2!r 22mgi2eiAr

A~11ei
2)r 22mgi1eiAr

D
1

2mgiei~312ei
2!ln@A~11ei

2!r 22mgi1A~11ei
2!r #

~11ei
2!3/2 , ~2.37!
ell
els
re

ls

nt
f

and Di is an integration constant. Initially, we sett (1) i

5t (2) i and t (6)150. Using these relations, we obtain th
integration constantsT(6) i as

T(6) i5(
j 52

i

@F j~xj !2F j~xj 21!#2j iTi 6~xi !2j i~2M̄ i

6Eimi !lnU M̄ i

Gi 6~xi !
~xi22M̄ i7Eimi !U. ~2.38!
C. Redshift and diameter distance

We consider a light ray which is emitted from each sh
toward an observer rest at the center. The light ray trav
along a future directed ingoing radial null geodesic, whe
‘‘ingoing’’ refers to the direction from a shell toward shel
labeled by a smaller number.

An ingoing radial null geodesic is specified by a consta
coordinate valueV. We denote the circumferential radius o
the i th shell when it intersects the null geodesic asRi . La-
8-5
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SUGIURA, NAKAO, AND HARADA PHYSICAL REVIEW D 60 103508
beling the outermost shell byM , the radiusRM is equal to
xM ~the initial radius of theM th shell! and hence in theM th
region, V5V(2)M(xM) is satisfied along the null geodesi
Thus, on the (M21)th shell, the following relation holds:

V(1)M21~RM21!5V(2)M~xM !. ~2.39!

This equation determinesRM21 . By the same procedure, w
obtain the circumferential radii of all the shells at the inte
section with the null geodesic:

V(1) i~Ri !5V(2) i 11~Ri 11!. ~2.40!

We can determineRi from the givenRi 11 through this equa-
tion.

In order to derive the expression of redshift, we first wr
down the components of the null geodesic tangent in thei th
regionkm( i ), which is given in the Kruskal null coordinat
as

kU~ i !5
r

mgi
expS r

2mgi
Dv i , ~2.41!

and the other components vanish, wherev i is an integration
constant associated with the geodesic equation. We req
that the observed frequency of the photon at each she
uniquely determined. The observed frequencyvob( i ) at the
i th shell is given by

vob~ i !52km~ i !u(1)
m ~ i !5

1

2
v i

dV(1) i

dt
, ~2.42!

vob~ i 11!52km~ i !u(2)
m ~ i 11!5

1

2
v i

dV(2) i 11

dt
.

~2.43!

Equations ~2.42! and ~2.43! gives the relation betwee
vob( i ) andvob( i 21), for i>2, as

vob~ i !5 f ~ i !vob~ i 21!, ~2.44!

where

f ~ i ![
dV(2) i /dt

dV(1) i 21 /dt
. ~2.45!

For the first region, a direct calculation leads to

vob~1!5S dt(2)1

dt
1

dr1

dt Dvob~0![ f ~1!vob~0!,

~2.46!

wherevob(0) is the frequency of the light ray observed b
an observer rest at the originr 50. Thus, using the abov
relations, we obtain the redshift of the light ray emitted fro
the i th shell toward the observer rest atr 50 in the form

11z~ i ![
vob~ i !

vob~0!
5)

j 51

i

f ~ j !. ~2.47!
10350
-

ire
is

Our next task is to find the angular diameter-distancedA .
The definition ofdA is

dA[
D

u
, ~2.48!

whereD is the physical length of the source perpendicular
the line of sight, andu is the observed angular size. Since t
space we are considering is spherically symmetric, the di
eter distance from the observer at the center to thei th shell
agrees with the circumferential radiusRi when the null geo-
desic intersects it:

dA~ i !5Ri . ~2.49!

Now we can calculatedA-z relation in the dust-shell univers
using the relations~2.40!, ~2.47!, and~2.49!.

III. RESULTS AND DISCUSSION

A. Setting the parameters of dust-shell model

As mentioned in Sec. III the choice of the parameters a
the initial hypersurface determines the behavior of a du
shell universe. Since we are interested in cases which ha
FL limit, we set the parameters so that they approach a
model in the largeN limit.

We set the mass distribution of the shells as

r i5rc ~ independent ofi ! ~3.1!

andki in Eq. ~2.17! as

ki5kc . ~3.2!

Using rc andkc , we define parametersHshell and r H by

Hshell
2 [r H

22[
8p

3
rc2kc . ~3.3!

Further, we define

V[
8p

3
rc /Hshell

2 . ~3.4!

Then,

kc5~V21!Hshell
2 . ~3.5!

In terms of FL models,Hshell, r H , andV may be regarded a
the ‘‘Hubble constant,’’ ‘‘Hubble horizon radius,’’ and th
‘‘density parameter.’’ Forxi , we put

xi~t init!5 iDx, ~3.6!

with a constant intervalDx

Dx[
r H

NH
, ~3.7!

whereNH is some positive integer.
8-6
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Before we proceed, we estimate the magnitude of the
diationlike term in Eq.~2.17!. From Eqs.~2.9! and ~2.15!
with mg150, we find

mg2n215
1

NH
3 ~n21!2~4n21!Vr H , ~3.8!

mg2n5
1

NH
3 n2~4n23!Vr H , ~3.9!

wheren is a positive integer. From Eqs.~2.10! and ~2.16!,
we find ms( i )5(mgi112mgi)/Ei and thus obtain

ms~2n21!5
6n226n11

NH
3

V

A12kixi
2

r H , ~3.10!

ms~2n!5
6n2

NH
3

V

A12kixi
2

r H . ~3.11!

Thus, when we consider a largeN limit with fixing xi

5r H( i /NH), the proper massGms( i )5O(NH
21) is regarded

as a small quantity, compared withM 1( i ) andmgi . That is,
the radiationlike term of Eq.~2.17! is of orderNH

22 of the
other terms, and can be neglected whenNH is sufficiently
large. We note that whenkc is positive ~i.e., V.1), the
er
e

er

ra
e
n
f

10350
a-factor V/A12kixi
2 in Eqs. ~3.10! and ~3.11! is larger than

unity, and vice versa whenkc is negative. This means that, i
the dust-shell universe, the effect of the local inhomoge
ities ~caused by condensing masses to a shell! on the expan-
sion rate appears larger in a closed model and smaller in
open model than that in a flat model which has the sa
Hshell andxi ’s.

B. Distance-redshift relation and averaged density

As described in Sec. II, the choice ofei corresponds to
choosing an initial hypersurface. We fix the expansion law
be homogeneous, try some choices ofei , and study whichei
makes the distance-redshift relation behave similar to tha
a FL model. We will consider which physical meaning
carried by that choice, especially in terms of averaged d
sity. We have already analyzed spatially flat cases~i.e., kc
50) in paper I, and found that the distance-redshift relat
agrees with that of a~spatially flat! FL model quite well
when we chooseei so that the averaged density is homog
neous. The averaged density inside thei th shell r̄( i ) is de-
fined by dividing the ‘‘mass’’ contained withinr i by the
three-volume Vol(i ) on the hypersurface up tor i . We may
call the density field homogeneous whenr̄( i ) is independent
of i .

We here write down explicitly the three volume
Vol~ i !54pE
r i 21

r i r 5/2

A~11ei
2!r 22mgi

dr54pFA~11ei
2!r 22mgiS r 5/2

3~11ei
2!

1
5r 3/2mgi

6~11ei
2!2 1

5r 1/2mgi
2

2~11ei
2!3D G

r i 21

r i

~3.12!

1
20pmgi

3

~11ei
2!7/2lnS A~11ei

2!r i22mgi1A~11ei
2!r i

A~11ei
2!r i 2122mgi1A~11ei

2!r i 21
D . ~3.13!
n
s
f

ter

pa-

or
els
For i 51, Vol~1! is equal to 4pr 1
3/3.

Let us study homogeneous density cases, as in pap
Now we have two kinds of mass in defining the averag
density; proper massms( i ) defined in Eq.~2.11! and gravi-
tational massmgi which determines the dynamics of its out
shells.

We first take the hypersurface so thatr̄( i ) using the
gravitational mass is homogeneous. We can define the g
tational mass of thej th shell to be the difference between th
gravitational mass parameters of the neighboring regio
mg j112mg j@5Ejms( j )#. We add the gravitational mass o
each shell up toi 21, and add only half of the mass of thei th
shell. The averaged density thus defined is given as

r̄~ i ![H 1

2
Eims~ i !1 (

j < i 21
Ejms~ j !J Y (

j < i
Vol~ j !

5
1

2
~mgi1mgi11!Y (

j < i
Vol~ j !. ~3.14!
I.
d

vi-

s:

As one can see from the definition ofrc , the choice of
Vol( i ) ~and hence the choice ofei) which makes this aver-
aged density homogeneous, i.e., independent ofi ~and equal
to rc) is

Vol~ i !5
4p

3
~r i

32r i 21
3 !. ~3.15!

We plot thedA-z relation of the dust-shell models fixed i
this way in Figs. 2–4~choice A!. The employed parameter
are V51.0, 0.9, and 1.1,Hshell51.0, and the number o
shells within the initial Hubble radiusNH is set to be 4 and
10. The outermost shellM from which a light is emitted is
chosen to be 2.53NH . We also plot thedA-z relation in FL
models, which is determined by the initial Hubble parame
HI , initial density parameterV I , and the redshift of the
initial time slice zI . These parameters are set using the
rameters of the corresponding shell model asHI5Hshell,
V I5V, andzI equal to the redshift of the outermost shell f
NH510. In the flat case, the data of the dust-shell mod
8-7
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agree with the FL relation as seen in paper I. In the non
cases, however, the FL models chosen in this way do
approximate the dust-shell models. Even when we incre
the number density of the shell, no improvement is obtain
Thus, using the gravitational mass of the shell in avera
density is inappropriate.

Next, we try the choice using the proper mass in defin
the averaged density,

r̄~ i ![H 1

2
ms~ i !1 (

j < i 21
ms~ j !J Y (

j < i
Vol~ j !.

~3.16!

After some manipulation, one finds that the volume elem
should satisfy the relation

Vol~ i !5
4p

3 S r i
3

Ei
2

r i 21
3

Ei 21
D 1S 1

Ei 21
2

1

Ei
Dmgi , ~3.17!

in order to make the averaged densityr̄( i ) equal to rc
~choice B!. In a flat model, this choice is the same as cho
A. ThedA-z relations for open and closed models are plot
in Figs. 5 and 6. These plots show that the relations ag
quite well with FL models. Thus, we should use the prop
mass in defining the averaged density. We note that owin
the amplification of inhomogeneity which appeared in E

FIG. 2. Angular diameter distance-redshift relation in spatia
flat (kc50) dust-shell universe for choice A. Data points are sho
by cross~1! and star~!!. The number of shells within the initia
Hubble horizonNH is 4~!! and 10~1!. The total number of shellsM
is taken to be 2.53NH . The solid line shows thedA-z relation in a
flat FL model withHi5Hshell. The redshift of the initial hypersur
face is identified with the redshift of the outermost shell for the c
NT525, i.e.,zI5z( i 525). As shown in paper I, the deviation be
tween the flat FL model and the dust-shell universe is almost
recognizable.
10350
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~3.10! and~3.11!, closed universe shows slight deviation o
can notice when compared with the other cases.

For comparison, we try the orthogonal slice, since, in
FL model, the simultaneous hypersurface is orthogonal to
trajectory of matter~choice C!. We chooseei so that the
vector l a is orthogonal to the trajectory of each shell. Fro
the condition l au(1)

a ( i 21)50 at r 5r i 21 , we obtain ei

FIG. 3. Same with Fig. 1 for open models (V50.9). The solid
line shows thedA-z relation in an open FL model withV50.9,
HI5Hshell, zI5z( i 525). We see a large deviation.

FIG. 4. Same with Fig. 1 for closed models (V51.1). The solid
line shows thedA-z relation in a closed FL model withV51.1,
HI5Hshell, zI5z( i 525). We see that this FL model does not a
proximate the dust-shell model.

n

e

n-
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5dri21 /dt. Figure 7 shows thedA-z relation in this choice.2

We can see a mild deviation from the FL model.

C. Discussion on the dust-shell model

In paper I we concluded that thedA-z relation in a dust-
shell universe behaves as a flat FL universe, when the
lowing conditions are satisfied: the expansion law resem
the flat FL model; the behavior of averaged density field
scale-independent when we increase the scale of avera
the averaged density agrees withrc @defined by Eq.~3.1!#.
The discreteness nature of the shell model plays no sig
cant role in our spherical model.

However, our analysis was limited to spatially-flat cas
~Einstein–de Sitter model!. In this paper, we have examine
the nonflat cases, and confirmed that the above statem
remains valid. Moreover, paper I could not answer wh
mass should be used in defining the average density, pr
mass which appears in the energy momentum of dust s
or gravitational mass which specifies the parameter
Schwarzschild spacetime; the latter includes the gravitatio
potential energy and the kinetic energy of the shell. In
spatially flat models, they balance and the two masses a
with each other. From the results of this paper, now it
comes clear that the proper mass should be used in defi
the averaged density. This might at first sound strange s
the geometry of each region is determined by the grav
tional mass which includes the kinetic energy and the po

2We only displayed an open model. There is no solution wh
V.1 which satisfies the conditions~3.6! and l au(1)

a ( i 21)50 si-
multaneously forNH510, M525.

FIG. 5. Angular diameter distance-redshift relation in the op
(V50.9) dust-shell universe for choice B. Compare with Fig.
The FL relation~solid line! agrees well with the relation of the
dust-shell model.
10350
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tial energy. Where has their information gone? Reexamin
the Hubble equation of FL models and the expansion law
the dust-shell models, one notices that it is contained in
curvature term. In Eq.~2.16!, the curvature term is expresse
as the ratio of the proper mass to the difference of grav
tional mass between the inside and the outside regions. T
the curvature gives the ratio of the total energy to the pro
mass.

n

FIG. 6. Angular diameter distance-redshift relation in the clos
(V51.1) dust-shell universe for choice B. Compare with Fig.
The FL relation~solid line! agrees well with the relation of the
dust-shell model.

FIG. 7. Angular diameter distance-redshift relation in the du
shell universe for choice C~open model withV50.9). We see a
mild deviation.
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In our model, the expansion law for the circumferent
radius is homogeneous when there are enough numbe
shells; the effect on the expansion rate of density inhomo
neities is small~of orderNH

22). Fixing the expansion law a
FL, we studied the connection between thedA-z relation and
the averaged density. We have found that if we make
averaged density~which is defined using the three-volum
element of the hypersurface and the proper mass! homoge-
neous, thedA-z relation agrees well with that of a FL mode
That is, there exists a strong connection among the hom
neous averaged density, the homogeneous expansion
and the FL-like distance-redshift relation, in spite of the d
crete nature~local inhomogeneity of matter distribution! of
the dust-shell model. This will support the ‘‘averaging h
pothesis’’ that a universe behaves as a FL model in spit
small-scale fluctuations of density field, if its averaged d
sity field is homogeneous on large scales. This implies
even if there exist large wall-like structures, our universe
approximated by a FL model on larger scales if the wa
satisfy the above conditions.

Now we give some comments on the smallN cases; the
cases where the radiationlike term in the expansion law
not negligible. One may expect that a FL model includi
radiation term can fit them, but this does not work. It sho
be noticed that the radiationlike term is inhomogeneous~i.e.,
dependent oni ) in the cases considered in this paper. Th
there is no reason one may expect that the behavior of
servables obeys a FL-like relation; it is natural that we c
not fit them with FL models including radiation term. Th
is, it is impossible to approximate such an inhomogene
model that has a significant large-scale inhomogeneity b
FL model.

D. Implication on the universe filled with bound objects

We can obtain further insight into the treatment of inh
mogeneous universes by investigating the dust-shell univ
from a different viewpoint, especially in connection wi
gravitationally bound objects. We discuss its implications
the estimation of the cosmological parameters of a loc
inhomogeneous universe.

We start by considering the construction of a dust sh
from small particles. In the Appendix, we consider mome
tarily static initial data in which the intrinsic metric of th
spacelike hypersurface is conformally flat and there are a
trary number of compact objects. By construction of the
lution, locations of the objects are arbitrary. Hence, by
ranging an infinite number of infinitesimal objects with a
appropriate procedure, we can construct an infinitesim
thin shell which is momentarily static. As discussed in t
Appendix, a spherical shell constructed by this procedur
likely to be regarded as a dust shell treated in this pa
Hence, by arranging sufficient number of such shells by
manner shown in this paper, we can obtain a system of c
pact objects which well imitates a FL universe.

Next, let us consider a closed FL universe filled w
baryonic dust fluid and a dust-shell universe~or a universe
filled with compact objects! which have the same baryon
mass. The analysis of the dust-shell universe implies that
10350
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sum of the proper mass of all the shells in the closed d
shell universe is the same as the baryonic mass of the cl
FL universe, when the distance-redshift relations of th
universes well agree with each other. On the other hand
the investigation in the Appendix, we find that the prop
mass of a shell is the sum of the gravitational mass of
objects composing the shell. Here we should recall that
gravitational mass of an object is in general different from
baryonic mass; there is a gravitational mass defect and
difference between the gravitational mass and baryonic m
is recognized to be the binding energy of the object. Thus
the shells are composed of highly bound objects, the sum
the gravitational mass of all the objects is much smaller th
the baryonic mass. Therefore, even if the total baryonic m
of the universe composed of gravitationally bound objects
the same as that of the FL universe filled with the baryo
dust fluid, the distance-redshift relations of these univer
can highly disagree with each other.

Now let us study the difference between these univer
with the same amount of baryonic mass quantitatively. T
line element of the closed FL universe filled with the du
fluid is written as

ds252dt21a2~t!~dx21sin2 xdV2!. ~3.18!

The solution of the Einstein equation can be written in t
form

a5
2M

3p
~12cosh!, ~3.19!

t5
2M

3p
~h2sinh!, ~3.20!

whereM is the total mass of the dust and 0<h<2p. In the
dust-shell model, the massM is given by the sum of the
gravitational mass of all the objects in the universe if t
shells are composed of bound objects; we denote it byMG .
On the other hand, in the FL universe filled with the baryon
dust fluid,M is the total baryonic massMB . When the two
universes have the same amount of baryons,MG,MB holds.

Here we study how the Hubble parameterH and density
parameterV at a fixed aget5t0 change when we chang
the mass parameterM . The Hubble parameter and the de
sity parameter are defined by

H[
1

a

da

dt
5

3p sinh

2M ~12cosh!2 , ~3.21!

V[
4M

3pa3H2 5
2~12cosh!

sin2 h
, ~3.22!

where M and h is connected through the relationt0
5(2M /3p) (h2sinh). Then the derivative ofM with re-
spect toh is given by

]M

]h U
t0

52
3pt0~12cosh!

2~h2sinh!2 . ~3.23!
8-10
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From Eqs.~3.21!, ~3.22!, and~3.23!, we obtain

]H

]M U
t0

5
3p$3~h2sinh!2h~12cosh!%

2M2~12cosh!3 , ~3.24!

]V

]M U
t0

52
2~12cosh!~h2sinh!

M sin3 h
. ~3.25!

One can confirm the positivity of]H/]M and hence the
Hubble parameter increases with increasing massM . On the
other hand, the density parameterV is a decreasing function
of M in the expanding phase while an increasing function
the contracting phase. This implies that if the dust shells
made of bound objects, the Hubble parameter of the d
shell universe is smaller, and the density parameter is lar
than those of the FL universe filled with baryonic dust flu
~in the expanding phase! with the same amount of baryon
and the same age, since the relationMG,MB holds.

In the limit of t/M→0 ~accordinglyh→0), the closed
FL universe filled with dust fluid behaves similar to th
Einstein–de Sitter universe. The behavior ofH21]H/]M in
this limit is easily obtained:

1

H

]H

]M U
t0

→ 1

30M
for

t0

M
→0. ~3.26!

Using the above equation, the difference in the Hubble
rameter of the dust-shell universe,HDS, and that of the FL
universe filled with the baryonic dust fluidHFL is given by

HFL2HDS

HFL
;

1

30MB
~MB2MG!,

1

30
. ~3.27!

Thus, at the nearly Einstein–de Sitter stage, the effect of
mass defect of the objects in the universe is rather sm
~The difference in the density parameters of these unive
vanishes in this limit.! On the other hand, at the stage of t
maximum expansionh5p, the derivativesH21]H/]M and
]V/]M blow up. This is simply becauseH goes to 0 ath
5p and thus the diverging behavior itself has no serio
consequence. However, this indicates the tendency tha
effect of the binding energy of the compact objects becom
somewhat larger than the Einstein–de Sitter epoch when
curvature of the universe is comparable to the energy den
of the dust fluid.

The observation of CMBR strongly suggests that our u
verse was highly isotropic and homogeneous at least on
last scattering surface. Hence in the study of the univers
the early stages, the linear perturbation analysis is powe
In order to perform the linear analysis, we need to fix t
background FL universe, whose cosmological parameters
usually determined by the observation of our neighborho
The universe observed today is, however, highly inhomo
neous and the inhomogeneities may prevent the correct
termination of the background FL universe. The above d
cussion implies that taking account of the binding ene
may be important in estimating the density parameter and
Hubble parameter near the maximum expansion, if the u
10350
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verse is filled with highly bound objects. On the other han
when the universe is in the stage when the curvature of
universe is not dominant, the effect of the mass defec
rather small. We note that, however, in order to discuss
physical quantities of the inhomogeneous universe~e.g., the
age of the universe! and its whole time evolution using a F
model constructed by the nearby observations, we hav
know the behavior of the scale factor in the transition regi
from the almost FL universe to the inhomogeneous one. T
problem is now under investigation and will be given els
where@23#.

IV. SUMMARY

We studied the behavior ofdA-z relation in a spherically
symmetric dust-shell universe where the mass distributio
discrete. Extending the treatment in our previous pa
which only spatially flat models were considered, we an
lyzed nonflat cases. We compared the distance-redshift r
tion of dust-shell universe with that of FL models. In pa
ticular, we examined the behavior of the averaged densit
the dust-shell universe when the twodA-z relations are simi-
lar. We found that thedA-z relation observed at the cente
agrees quite well with that of a flat FL model if the followin
conditions are satisfied:~i! the expansion law of the circum
ferential radius of the shells resembles the Hubble equa
of a spatially flat FL model,~ii ! the behavior of averaged
density around the observer at the center is scale-indepen
as we increase the scale on which we take the average,
~iii ! the averaged density agrees with the energy densit
the FL model. In defining the averaged density, we take
total proper mass of the shells and divide it by the th
volume of the initial hypersurface. We noted that the cho
of the initial hypersurface relates the expansion law to
averaged density.

The effect of discreteness of mass distribution appear
the equation of motion of each dust shell. This effect b
comes smaller as we increase the number density of s
though we found that the positive curvature has tendenc
enhance the inhomogeneity effect. We conclude that, in
spherical dust-shell model, the discrete nature of matter
tribution plays no significant role in discussing the observ
quantities such asdA andz, as long as the expansion law an
the averaged density field is sufficiently homogeneous in
sense described above. This supports the averaging hyp
esis that a universe is described by a FL model if the u
verse is homogeneous when the density is averaged o
large scale than the scale of the inhomogeneities. This m
also imply that even if there exist large wall-like structure
our universe is approximated by a FL model on larger sca
if the walls satisfy the above conditions.

However, we have to keep in mind that our model
highly idealized and our analysis is limited only to sphe
cally symmetric cases. In general, local inhomogenei
strongly affect the light propagation, giving rise to dispe
sions in the observeddA-z relation @24–26#. It will be also
interesting to study cases when the light ray enters a she
a nonradial direction.

It still remains unclear whether three-dimensional d
8-11
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creteness have a significant effect on the dynamics of
universe. The study of the momentarily static initial data
the Appendix strongly suggests that when the universe
filled with bound objects, the dynamics of the universe
determined by the gravitational mass density of the obje
but not by the baryonic mass density. The gravitational m
of a compact object is in general different from its baryon
mass due to the gravitational mass defect. The effect of
mass defect on the dynamics of the universe is significan
the stage of the curvature-dominant phase while it is
significant at the early stage of the universe, i.e., the st
during which the universe behaves as the Einstein–de S
universe. However, in general, there are both the bound
unbound objects. Hence we should consider a situation
cluding both objects and investigate their effects on the
namics, which is left for our future work.
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APPENDIX: MOMENTARILY STATIC INITIAL DATA
OF A SPHERICAL SHELL

COMPOSED OF BOUND OBJECTS

In order to get an insight into the origin of the prop
massms of a spherical shell, we consider momentarily sta
initial data of which the extrinsic curvature vanishes. T
intrinsic metric of the three-dimensional spacelike hypers
face is assumed to be conformally flat,

dl25c4~xW !dxW2, ~A1!

wherexW is a position vector. Then the Hamiltonian constra
is written as

Dc522prHc5, ~A2!

whereD is the Laplacian operator in the flat space andrH is
the energy density for an observer whose trajectory is nor
to the spacelike hypersurface.

We introduce the gravitational mass density defined b

rg[rHc5. ~A3!

Let us consider a situation wheren ‘‘spherical’’ objects ex-
ist. We giverG by

rG5(
I 51

n

rGI , ~A4!

where

rGI5rGI~ uxW2xW I u!>0, ~A5!
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for uxW2xW I u< l I ~radius of theI th object!, while rGI vanishes
for uxW2xW I u. l I . The solution of the Hamiltonian constraint
then written in the form

c511(
I 51

n

c I , ~A6!

wherec I satisfies the equation

Dc I522prGI , ~A7!

with the boundary conditionc I→0 for uxW2xW I u→`.
Integrating Eq.~A7!, the solution of the Hamiltonian con

straint is easily obtained:

c5112p(
I 51

n E
uxW2xW I u

`

dyy22E
0

y

dxx2rGI~x!. ~A8!

For the vacuum region, the above solution takes a sim
form

c511
1

2 (
I 51

n
mI

uxW2xW I u
, ~A9!

where the parametermI is defined by

mI[4pE
0

l I
dxx2rGI~x!. ~A10!

We also consider the proper massmpI of the I th object de-
fined by

mpI[E d3xrHIc
65E d3xrGIc. ~A11!

If the compact objects are composed of dust fluid,mpI is the
conserved rest mass~baryonic mass!. The above integral is
easily performed to give

mpI5mI S 11d I1
1

2 (
JÞI

mJ

uxW I2xW Ju D , ~A12!

where

d I[
1

mI
E d3xrGIc I

5
8p2

mI
E

0

l I
dzz2rGI~z!E

z

`

dyy22E
0

y

dxx2rGI~x!.

~A13!

Now let us consider the ‘‘gravitational mass’’ of theI th
object, which includes the gravitational binding energy.
order to obtain it, we replace the compact object by
Einstein-Rosen bridge with the same mass parametermI .
This means that we employ solution~A9! even inside the
object. Now instead of the compact object, we have
‘‘sheet’’ with an asymptotic regionuxW2xW I u→0. In this
asymptotic region, one can define the ADM mass~gravita-
8-12
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tional mass! MI which corresponds to the total energy of t
I th object. Brill and Lindquist@22# showed thatMI is given
by

MI5mIS 11
1

2 (
JÞI

n
mJ

uxW I2xW Ju
D . ~A14!

Then the gravitational binding energyEbind
I of the I th object

is naturally defined as

Ebind
I 5MI2mpI52mId I . ~A15!

The above equation implies thatd I is the specific binding
energy of theI th object.

Here let us consider a situation in which compact obje
with almost identical massmI;m are distributed homoge
neously on spheres with a common center labeled bi
51, . . . ,N. The i th sphere contains the objects labeled bI
in the rangeni11<I<ni 11 , wheren150, ni,ni 11 , and
nN11 is equal to the total number of the objectsn. Note that
the position vector of theI th object on thei th sphere satisfies
uxW I u5Ri . Let us denote the sum of the parametermI inside
the i th region as

Mgi[(
I 51

ni

mI . ~A16!

We consider a limit where the number of the objects on e
shell goes to infinity withMgi fixed: ni 112ni→` for all i ’s.
By this procedure, we obtain a system of infinitely thinN
spherical shells with a common center. This system has
same configuration as that treated in this paper~see Fig. 1!.
In the limit whereni 112ni is very large, the mean separ
tion L between the objects is given by

L;A 4pr i
2

ni 112ni
, ~A17!

while the mass parametermI is

mI;
Mgi112Mgi

ni 112ni
. ~A18!

We assume that the radius of each object isl I5amI , where
a is a constant. If we consider an Einstein-Rosen brid
instead of the object, we choose the constanta to be 1/2.
This assumption implies that in the large-(ni 112ni) limit,
l I /L approaches to zero since it is proportional to (ni 11
2ni)

21/2. Hence a shell obtained by this limit is extreme
sparse. In order to know whether the shell obtained by
limiting procedure is a dust shell, we need to study the ti
evolution of this initial data. Although we do not investiga
its time evolution here, it seems likely that a shell compos
of infinite number of infinitesimally small objects is a du
shell by the following reason. Since the mean separation
tween the objects is infinitely larger than the radius of ea
object, a direct collision between the objects is impossi
when the shell is shrinking. Further, sincemI /L is extremely
smaller than unity, the effect of the gravity of a nearby p
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ticle which causes a nonradial motion is likely to be ve
small. These two should work to keep the spherical symm
try and the radial motion of the shell during its evolution.

In order to obtain the relation betweenMgi and the mass
parametermgi of the Schwarzschild spacetime in thei th re-
gion, we investigate the line element in thei th region. The
conformal factor in Eq.~A1! in the i th region is written as

c5Ai1
Mgi

2R
, ~A19!

whereAi is a constant andR[uxW u. From the continuity of the
conformal factor, we obtain a recurrent relation forAi as

Ai5Ai 111
1

2Ri
~Mgi112Mgi!. ~A20!

Since the value ofAN11 in the outermost region is unity, we
can obtainAi for 1< i<N by the above equation. Equatio
~A19! gives the line element as

dl25Ai
4S 11

Mgi

2AiR
D 4

~dR21R2dV2!. ~A21!

Introducing a new radial coordinateX5Ai
2R, the above line

element becomes

dl25S 11
AiMgi

2X D 4

~dX21X2dV2!, ~A22!

which is the line element of the Schwarzschild spacetime
the isotropic coordinate. Then the mass parametermgi is now
trivially obtained as

mgi5AiMgi . ~A23!

As reviewed in Sec. II, the dynamics of an infinitely th
shell is treated by Israel’s formalism. The equation for t
circumferential radiusr i of the i th shell is given by Eq.~2.8!:

S dri

dt D 2

5S M 2~ i !

ms~ i ! D 2

211
2M̄ i

r i
1

ms
2~ i !

4r i
2 . ~A24!

The proper massms( i ) of a dust shell is conserved during i
time evolution. We will write downms( i ) using the mass
parameters of the objects composing the shell, by compa
the above equation with the solution of Eq.~A1!. The mo-
mentarily static situation corresponds to the moment
maximum expansiondri /dt50. Hence from Eq.~A24!, we
obtain the relation

S M 2~ i !

ms~ i ! D 2

211
2M̄ i

r i
1

ms
2~ i !

4r i
2 50. ~A25!

In the present situation, we know the gravitational massmgi
and the circumferential radiusr i which is related withRi by

r i5Ri S Ai 111
Mgi11

2Ri
D 2

. ~A26!
8-13
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Hence Eq.~A25! is regarded as an algebraic equation
determine the proper massms( i ) of the i th shell. The posi-
tive roots of this equation are given as

ms~ i !5ms65r i SA12
2mgi

r i
6A12

2mgi11

r i
D ,

~A27!

wheremgi,mgi11 is assumed. In order to make the mea
ings of the above roots clear, we consider Eq.~2.12!. At the
moment of the maximum expansion,r i should be larger than
or equal to 2mgi11 . First we consider the case whenr i
.2mgi11 . Then we easily find thatdt(1) i /dt is negative for
ms( i )5ms1 and positive forms( i )5ms2 . Together with
Eq. ~A26!, the positivity of dt(1) i /dt implies that ms( i )
should be equal toms2 for Ri.mgi11/2 ~i.e., the direction of
the time coordinatet (1) should agree with that of the prope
time t in this asymptotic region!, while it should be equal to
ms2 for Ri,mgi11/2. When r i52mgi11 , i.e., Ri
5mgi11/2, the solutionms1 agrees withms2 and hence
ms( i ) is equal toms6 in this case.

From Eqs.~A20! and ~A23!, we find

mgi5H Ai 111
1

2Ri
~Mgi112Mgi!J Mgi , ~A28!
e

is

10350
-

mgi115Ai 11Mgi11 . ~A29!

Using Eqs.~A26!, ~A27! and the above equations, we obta

ms~ i !5~Mgi112Mgi!S Ai 111
Mgi11

2Ri
D , ~A30!

imposingdt(1) i /dt.0. On the other hand, in the spherica
shell limit, the gravitational massMI in Eq. ~A14! of the I th
object on thei th shell becomes

MI→mI S Ai 111
Mgi11

2Ri
D . ~A31!

Hence we find in the limitni 112ni→` for all the shells,

(
I 5ni11

ni 11

MI→ms~ i !. ~A32!

This equation implies that the proper mass of the shell is
sum of the gravitational mass of each object, not the sum
the proper mass of each object.
.
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