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Distance-redshift relation in an isotropic inhomogeneous universe:
Spherically symmetric dust-shell universe. I
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The relation between the angular diameter distance and reddhiiz (elation in a spherically symmetric
dust-shell universe is studied. We discover that the relation agrees with that of an appropriate Friedmann-
Lematre (FL) model if we set a “homogeneous” expansion law and a “homogeneous” averaged density
field. This will support the averaging hypothesis that a universe looks similar to a FL model in spite of
small-scale fluctuations of density field, if its averaged density field is homogeneous on large scales. We also
study the connection of the proper mass of a shell with the mass of gravitationally bound objects. Combining
this with the results of thel,-z relation, we discuss an impact of the local inhomogeneities on the determi-
nation of the cosmological parameters through the observation of the locally inhomogeneous universe.
[S0556-282199)07520-7

PACS numbgs): 98.80.Es, 04.30.Nk, 04.56h, 95.30.Sf

[. INTRODUCTION rive the background FL model from the inhomogeneous uni-

verse by any averaging procedure, or how the nonlinear in-

The standard big bang model is based on the assumptidiomogeneities on small scales affect large-scale behavior of
of the homogeneous and isotropic distribution of matter andhe universg3]. Although one can derive a background FL
radiation. This assumption then leads to the Robertsonmodel from observations of the nearby galaxies with any rule
Walker (RW) spacetime geometry and the Friedmann-Of averaging one likes, it is uncertain whether this back-

Lemaltre (FL) universe modélthrough the Einstein equa- 9round FL model(or its time evolution backwajdagrees

tion. This standard model has succeeded in explaining/€!l with the highly homogeneous universe at the early re-

various important observational facts: Hubble's expansiordiMe: The discrepancies might appear, for example, in the
law, the content of light elements, and the existence of th&stimate of the density of baryonic matter, the density pa-

cosmic microwave background radiati6BMBR) [1] rameter, the age of our universe, and so on. There still re-
The CMBR conversely gives a strong observational basifnains a nontrivial question to which we have to give a clear

for the assumption of homogeneity and isotropy of our uni-2"SVer:
verse by its highly isotropic distribution together with the Before proceeding to discuss these problems, we should

: . ) e make the meaning of the term “average” definite. Averag-
assumption that we are not in any special position in th

) ) o o E?ng can be defined as a mapping between an inhomogeneous
universe(the Copernican principjelIn fact, the deviation of spacetime and a homogeneous one. This mapping is not re-

our universe fré)m a homogeneous and isotropic space is &gricted to simple volume averaging; other averaging meth-
small as~10"" at the stage of decoupling]. Thus our ,4s such as deformation of three-geometry according to the
universe is well approximated by a FL model before thisgicci-Hamilton flow may be possiblel]. By averaging, any-
stage. On the other hand, the present universe is highly "\/‘vay, we expect that the large-scaler coarse grainedbe-
homogeneous on small scales; the density contrast againstvior of the inhomogeneous spacetime is extracted.
the cosmic background density is of the order of’for the Averaging problem has been often studied from the view-
Sun, 16 on galactic scales, and of the order of unity even onygint of the so-called back-reaction problem, i.e., how the
the scale of superclusters. We have to go beyond FL mOCI‘;ESmall-scale inhomogeneities affect the global dynamics
and linear perturbations in considering such systems. when averaged on larger scales. Using the perturbation for-
We usually regard that a FL model is a large-scale “av-mgajism and volume averaging, the back-reaction problem
erage” of a locally inhomogeneous univereveraging hy-  nhas peen studied by several authfis-9). Apart from the
pothesig. Even though the observational data are consistentoplem whether the volume averaging is appropriate or not,
with the picture that our universe is described well by a RWgne reason which makes the discussion of averaging unclear
metric with small perturbations, we are not sure how to dess that there exists no natural choice of time slice in an in-
homogeneous universe. This leads to an ambiguity in the
definition of averaged expansion rate or averaged density.

*Email address: sugiura@tap.scphys.kyoto-u.ac.jp Actually, there are even apparent discrepancies in the state-
"Email address: nakao@tap.scphys.kyoto-u.ac.jp ments of the papers above.
*Email address: harada@tap.scphys.kyoto-u.ac.jp One possible prescription to avoid this difficulty is to treat

We use the term “Robertson-Walker spacetime” when we focusobservable quantities which we can give a clear definition.
on geometrical aspects of a homogeneous and isotropic model, afdfom this viewpoint, observational effects on the CMBR of
“Friedmann-Leméare model” when we discuss its dynamics and small-scale inhomogeneities have been studjéd,11].
observable quantities. These are significant in the sense that the back reactions on
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the observable quantities were discus&se, e.g., Ref12]

for a recent discussion of observable quantities in the
Lematre-Tolman-Bondi spacetimeHowever, the problem

of how to determine the cosmological parameters by observ: photon

ing an inhomogeneous universe seems to have been ove o e e
looked.

In Sugiuraet al. (hereafter paper) I[13], we investigated
the distance-redshift relation in a spherically symmetric dust-
shell model, and compared it with that of a FL model. We
focused on a highlylocally) inhomogeneous model; we pre-
pared pressureless fluid distributed in discrete shells, which FIG. 1. Dust-shell universe. Between the shells the space is
cannot be described by small perturbations of a FL backempty.
ground. We discussed the relation between the behavior of
the d,-z relation and the conditions on the initial time slice from the study of the dust-shell universe, we will also inves-
concerning the mass density and the expansion rate. Wegate the origin of the dust shell. Assuming that the dust
found that the distance-redshift relation observed at the cershell is composed of highly bound objects, we consider the
ter obeys a FL-like relation, even when there exist only seveffect of the binding energy of each object on the dynamics
eral shells in the initial horizon scale, if the following con- of the universe.
ditions are satisfied on the initial spacelike hypersurface: the The organization of this paper is as follows. In the next
expansion law is homogeneous and the density which is awsection, we summarize the basic equations for the dynamics
eraged on larger scales than the inhomogeneity scale is scaléa dust-shell universe, distance to the shells from the cen-
independenti.e., large-scale homogeneity of density field ter, and redshift of the shells measured by an observer at the
Here the averaged density is defined simply by dividing thecenter. This is an extension of the treatment in paper I. We
mass of shells by the volume of the hypersurface. give our results and discussion dp-z relation and averaged

Our previous analysis was, however, limited to a spatiallydensity in Sec. lll. In this section, we also discuss the uni-
flat casg(the Einstein—de Sitter modelThere is a claim that verse filled with gravitationally bound objects and the effect
the Einstein—de Sitter solution is in a special position as a@f the binding energy of each object on the dynamics of the
solution of the Einstein equation; it is a kind of fixed point universe. Finally Sec. IV is devoted to the summary. We
under renormalization group flow defined by the scalingfollow the sign convention of the Riemann tensor and the
properties of the Einstein equatipb4]. Thus, there is a pos- metric tensor in Refl17] and adopt the unit o6=c=1.
sibility that our results were due to the special behavior of

i-th region (i+1)-th region

i-th shell

the perturbations of the Einstein—de Sitter model under an || FORMULATION OF DUST-SHELL UNIVERSE
averaging procedure. In this paper, we treat nonflat cases and _ _
show that statements similar to those of our previous paper A. Equation of motion of dust shell

do hold. We also answer some questions unsolved in paper I. First, we derive the expansion law of the dust-shell uni-
In particular, the previous study of spatially flat cases couldserse. We consider a number of spherically symmetric shells
not answer which mass should be used in defining the avewith a common center at=0 (see Fig. 1 We label each
age density, proper mass which appears in the stress-energlell by 1,2,..,i,..., from inside. The region enclosed by the
tensor of dust shell, or gravitational mass which specifies théirst shell is the Minkowski spacetime and is labeled as the
parameter of the Schwarzschild spacetime; they are the sanfigst region. Similarly, the region enclosed by thie-(1)th

in the spatially flat model. Also it will be shown that the shell andith shell, which is a vacuum, is labeled as ftie
significance of the effect of inhomogeneities has curvatureegion. Each shell is infinitesimally thin, characterized by the

dependence. surface stress-energy tenss® which is given by
We here note three interesting points of the dust-shell

model. First, its dynamics is exactly solved; it is not neces-
sary to assume the existence of homogeneous background in
order to obtain the evolution of matter distribution. Sec-

ondly, it treats a discrete mass distribution where the lineagyherex is a Gaussian coordinat&+0 on the shellin the
perturbation theory is invalid, and also can treat a highlygirection normal to the trajectory of the shell. Since each
general-l‘elatIVIStIC situation where the scale of |nh0mogeneregion between the shells is a vacuum, the Spacetime is de-

ities are comparable to the horizon scale. In a sense, sphedcribed by the Schwarzschild geometry by Birkhoff's theo-
cal dust-shell model is a limit case of the Tolman-Bondirem. The line element in thi¢h region is written in the form

solution. We expect it can represent the Tolman-Bondi and

+e€
S*P=|im f T2Pdx, (2.1

e—0J —€

the FL solutions when we take appropriate limits where the Mgi| 5 2my; -1 TP
number density of dust shell goes to infinity, though no rig- ds’=—{1- — |t 1-— ] dri4rdQs,
orous proof has been yet obtained. Thirdly, the motion of (2.2
each shell can be extended even after shell crossing occurs.

This theme is discussed elsewh§té,16. where the parameteng; will be referred to as a gravitational

In order to get an insight into the inhomogeneous universenass (ng; =0), andd(Q)? is the line element of a unit sphere.
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We derive the expansion law of a dust shell following the semicolon denotes the three-dimensional covariant de-
[18-21]. Let n® be a unit spacelike vector normal to the rivative on the trajectory of the shell. We shall assume the
trajectory of the shell, and define the projection operaﬁ)r energy conditiormg=0.

552_ n,n®. From the projected Einstein equation In this paper, we use a common proper timéor all the
shells. The relation betweenand the time coordinate, in

aLb 1 aub the Schwarzschild spacetime is obtained as follows. First,
Rapnchg=87| Tap= 5 9anT [hcha. (2.3 note that two Schwarzschild time coordinates are assigned to
each shell: theth shell has the timg,_); measured in théth
one obtains region andt . measured in thei - 1)th region. From Egs.
(2.5 and(2.6), we obtain
1 . .
£and+ 3Rcd_ KKCdZS’JT Tabhghg_ Ehch) ) (24) dt(+)| _ I M_(i) _ ms(l) (2 12
dr ri—2mgi 1/ mg(i) 2r; | ’
where £ is the Lie derivative alongi® and °R.q is the _ .
three-dimensional Ricci tensor of the timelike hypersurface i _ Ti M_(i)  mi)
generated by the motion of the shell. The extrinsic curvature dr ri—2mg;/ | mg(i) 2r;
Kap is defined byK,,=— % hChig h.y, and K=K2, T (2.13
=Ta. |;1te_graﬂon of Eq.(2.4) over an infinitesimal range The procedure to determine the origin of each time coordi-
alongn® yields nate will be described later.
1
K;b— Kap=87| Sap— Ehabs , (2.5 B. Cosmological parameters and initial condition

In order to specify a dust-shell universe, we have to fix

where the suffixt+ denotes a quantity evaluated at the out-the parameters in Eq2.8) and the initial hypersurface. We
side of the shell, ane- at the inside. Using Eq2.5) and the ~ first rewrite Eq.(2.8) in the form corresponding to the
Gauss-Codazzi relation Ci?abnanb=—3R+ KabKab— K2, Hubble equation of a FL model. We denote the initial cir-

one finds that the following relation holds for a dust shell: cumferential radius of theth shell byx;, i.e.,

S*P(K o+ Kap) =0. (2.6 r=x (2.14

The stress-energy tensor of a dust shell is given by on initial hypersurface. We defing by

— 4
SP=gAuP, (2.7 MiE§71',oiX-3 (2.19

whereu? is the four-velocity of the observer rest on the shell,
ands is the surface energy density of the shell. Combining@ndki by
Egs.(2.5), (2.6), and(2.7), we obtain the following equation

for the circumferential radius; of theith shell(the “expan- M *(_') =E,=\1—kx,. (2.16
sion law” of the dust shell ms(i)
dr\2 2M. M _(i))2 2(i) HereE; is the specific energy of thigh shell.E; is positive
(_') =1 (( — ) — ] 3_2 (2.9 through the space in the open and flat FL models and inside
dr i ms(i) ar; the maximum radius in the closed model. In this paper, we
_ _ . consider the cases whelg>0.
whereM; andM _(i) are defined by Using these parameters, the expansion law of the dust
N shell can be written as
o mgi mgi+l
Mi=—"—%" 2.9 Ldn|? 8 (x| (%) mED)
| P - Kl e Bl e 4ri4-(-7)
M_(i)=mgyi 1 —Mg;, (2.10

We see that the first term behaves as a nonrelativistic matter
and 7 is the proper time which is measured by an observeterm in the Hubble equation of a FL model, the second and
rest on the shell. The “proper masshg(i) of the shell is the third as a curvature and a radiation source term. From
defined by this point of view,p; andk; play roles of the “energy den-

sity” and the “curvature,” respectively. The radiationlike

my(i)=4msir?, (211 term might be regarded as the effect of the binding energy of
the shell[20]. Further it is worthwhile to note that this radia-
wheres;=—Si(i). It can be shown this proper mass is ationlike term is consistent with the result of Futamdsé
constant of motion by the conservation Ieﬁ&bzo, where  about the effect of the small-scale inhomogeneities on the
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global cosmic expansion. Seeing this, one may expect thathere

the inhomogeneities tend to make the Hubble parameter

larger compared with a homogeneous universe which has the _ mi2

same “energy density” of nonrelativistic matter. However, Xi(rj)=(E?=1)ré+2Mr;+ 7 (2.19
this radiationlike term does not necessarily imply the larger

Hubble parameter. In order to see the effect of this term o
the Hubble parameter, we need to investigate the distanc
redshift relation by solving the null geodesic equations and _
compare the result in the inhomogeneous spacetime and that til« =& T (r) + &(2M = Ejmy)
of the FL model. We will discuss this point later.

A dust-shell universe is specified if we set the parameters
contained in Eq(2.17), i.e.,p;, k;, X;, and an initial hyper-
surface. When we increase the number of the shells to infin-
ity with p; andk; being finite and independent ofiwe will  where 7;. are integration constants. The functiofis. (r)
mention this limit as “largeN limit” ), the dust-shell uni- andG,.(r) are given forEi2:1 as
verse approaches a FL universe if we take an appropriate
initial hypersurface, as we will see in Sec. lll. Then the pa- 1
rameterg; andk; agree with the ordinary energy density and T (r)=— VXi(r),
curvature in the Hubble equation. B 3|\7i2

We need to derive the expressiontef); in terms ofr; (2.21)
for the later use. The relations between); andr; are given

ré_nd &, is the sign ofdr;/dr. This is integrated to give

2M; -
XInG oy (i 2MiF Em)| 7 (2.20

_ _. 3_ m?
M;r +6M2+—M;m— —
2 4

by [we denotemg(i) asm; in the remainder of this sectidn — m)2
Gi+(r)={\/Xi(r)+2Mii—'} , (2.22
dt(y; E[ErEF(1/2) myry] 2
= — , (2.18
dri  (rj—2M; TEm) VXi(r;) for E>>1 as

Ti(r)= i \/Xi(r)+|

Ei(2E2—3)M; = (2E2—1)(E2—1) (m,/2)
(2E7=3)M; = ( )(E?—1) (m >+2MiiEimi]

EF-1 (E2-1)VJE?-1
XIN[M;+ (E?—1)r + VEZ— 1yX;()], (2.23
2
Gi+<r)=|E?—_lr+m+2<Ei—JEZ—_1>Mit%<Ei—E?—_nzmi} , (2.24

and forE2<1 as

E2—1 h_r ’ (225)

Ti(r)= i\/Xi(r)+|

Ei(2E2-3)M;*+(2E2—1)(E?—1) (m//2) ’_( r+k
2ArcTal —
(EP-1)J1-E]

Gi. (N ={V(h—2M,FEm)(k+r)+ V(k+2M, = Esmy)(h—r)}2, (2.26

whereh and —k are the roots oK;(r)=0; =2my;. In order to avoid this coordinate singularity, and for
further calculation, the Kruskal null coordinate is convenient

M, + \/Mi2+ (1—E})m?/4 since we will treat the null geodesics in this spacetime. Out-
= (2.27)  side the horizon in théth region,r >2mg;, the Kruskal null

J— 2 ’
(1-ED) coordinates are given by
M;— M2+ (1— E2)mP/4 r—t
k= — (l—Eiz) . UE—4\/mgi(r—2mgi)exy{mgi), (2.29
(2.28
Thereis a cqordinate _singularity on the KiIIir_lg _hqrizon in the V=+4 /—mgi(r _ ngi)exr{ £r1+t.) | (2.30
Schwarzschild coordinatet ..); becomes infinite onr; M
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whereU andV correspond to the retarded time and the ad- The determination of the integration constafits corre-
vanced time, respectively. Using these Kruskal coordinatesponds to the choice of the initial hypersurface. The proce-
the line element in théth region is expressed as dure to construct the initial hypersurface we adopt is sum-
marized as follows. First, we choose a unit spacelike vector
|2 which is directed outwardi.e., pointing the direction in
which labeli increasep Taking this vector as a starting tan-
gential vector, we extend a spacelike geodesic curve until it
Slmllarly to the Schwarzschild time COOTdinate, two pairs Ofreaches the second shell. This Space“ke geodesic curve de-
Kruskal null coordinatedJ..); and V(.);, are assigned to fines the simultaneous hypersurface in the region between
each shell. Using Eq2.20, we obtain the Kruskal null co-  the first shell and the second shell. Next we extend from this

Mg r
d =—iexp(——)dUdv+r2d92. 2.3
5‘2 r 2mgi (2.3

ordinates labeling theth shell in the form intersection towards the third shell another spacelike geode-
sic which starts with another spacelike vector at the second
[— E — — shell. This second spacelike geodesic generates a spacelike
(r)=— +—m NTE2p . : . . X ; .
Ugi(ri) 4\ Mix—-mi(2M)) (ri—2M; hypersurface in this region. Repeating this process, we com-

plete the whole initial hypersurface.
TE;m)RA-8)G, , (W24, From the above procedure, the integration constant of Eq.
(2.20 is determined as follows. In thigh region, the unit

ri—Tie(ri)— 7« tangent vectot? of the spacelike geodesic is written as
Xexg ———|, (2.32
4M; = 2E;m; . 2mg\ 7t , 2my,
I'=¢g 1—T , "= 1+ei_T’ (2.39
[— E; — _
(r:)= ' m. NEl2(p. — ) . . . .
Viayi(r)=+4\ Mi=—m;(2M;)=5(r; — 2M; and the other components vanish, wherés an integration
constant associated with the geodesic equation. Now a
TEm,)M20A+EG,  ~(WRE () choice of initial time slice reduces to a choiceepf In Sec.

Ill, we will see the connection between the choiceepind
the d,-z relation. Once we fixg;, the equation for the tra-
(2.33 jectory of the spacelike geodesic in thier( plane is given

p[riﬂw(rw:m
exp———mmmm™|.

4Mii2Eimi by
These coordinatedl (.); and V(..y;, are finite onr;=2m; dt erd?
and are well defined also for<2mg;. Hence, we will use — = ! 5 . (2.395
the expression$2.32 and (2.33 for anyr;. For &=+1, dr (r—2mg)\(1+ed)r—2mg;
bothU.); andV(-; are negative whenr; is larger than | ing the ab ) biai
ri. In this case, theth shell withr;<<2my; is located in the htegrating the above equation, we obtain
white hole part of the Schwarzschild spacetime. On the con- t=F;(r)+D, (2.36
trary, for &= —1, theith shell withr;<2mg; is located in ' a
the black hole part. where
|
eVry(1+el)r—2my V(1+ed)r—2my—er
Fi(r)= 5 +2mgiIn 5
1+e; V(1+el)r—2mg+er
) 2mgiei(3+2e?)In[ (1 +e?)r —2mgy+ \/(1+€])r] (237
(1+e))" ! -
and D; is an integration constant. Initially, we set); C. Redshift and diameter distance
=ty andt);=0. Using these relations, we obtain the
integration constantg..); as We consider a light ray which is emitted from each shell
_ toward an observer rest at the center. The light ray travels
: _ along a future directed ingoing radial null geodesic, where
T(+yi= 2 [Fi(X) = Fj(Xj—) 1= &Ti (%) — &(2M; “ingoing” refers to the direction from a shell toward shells
=2 labeled by a smaller number.
M. An ingoing radial null geodesic is specified by a constant
+E;m;)In (X;—2M; T E;m))|. (2.3  coordinate value¢/. We denote the circumferential radius of
Gi-(xi) theith shell when it intersects the null geodesicRys La-
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beling the outermost shell byl, the radiusRy, is equal to
Xy (the initial radius of theMth shel) and hence in thélth

PHYSICAL REVIEW D 60 103508

Our next task is to find the angular diameter-distatige
The definition ofdy, is

region, V=V _yu(xy) is satisfied along the null geodesic.
Thus, on the ¥ —1)th shell, the following relation holds:

(2.39

D
gl

Virm-1(Ru-1) =V ym(Xm)-
) ) ) whereD is the physical length of the source perpendicular to
This equation determindsy, _, . By the same procedure, We tne |ine of sight, and) is the observed angular size. Since the
obtqm the_ circumferential ra.du of all the shells at the inter-space we are considering is spherically symmetric, the diam-
section with the null geodesic: eter distance from the observer at the center toi theshell
agrees with the circumferential radi&® when the null geo-

Vin)i(R)=V(is1(Riva). (2.40 desic intersects it:

We can determin&; from the givenR;, ; through this equa- (2.49
tion. '

In order to derive the eXpreSSion of redshift, we first write Now we can Ca'cu'atdA_Z relation in the dust-shell universe
down the components of the null geodesic tangent intiie ysing the relation$2.40), (2.47), and(2.49.

regionk*(i), which is given in the Kruskal null coordinate
as

dA(i):Ri .

Ill. RESULTS AND DISCUSSION

A. Setting the parameters of dust-shell model

(2.41

r r
KY(i)= —exp(—) w;,
My 2my; As mentioned in Sec. Il the choice of the parameters and
) ) ) ) the initial hypersurface determines the behavior of a dust-
and the other components vanish, whexds an integration  ghe|| universe. Since we are interested in cases which have a
constant associated with the geodesic equation. We requikg_|imit, we set the parameters so that they approach a FL
that the observed frequency of the photon at each shell ig,qdel in the largeN limit.

uniquely determined. The observed frequengyy(i) at the We set the mass distribution of the shells as
ith shell is given by

pi=p. (independent ofi) (3.2
o k ) P o 1 dV(+)|
wor(D) ==k, (DU (D=50i——=, (242 anqk in Eq. (2.17) as
. . . 1 dV(*)iJrl ki:kC' (32)
wob(|+1)=—kﬂ(|)uf‘,)(l+l)=EwiT- . )
(2.43 Using p. andk., we define parametekdg, andry by
. . . 8
Equgtlons (2.42_) and (2._43) gives the relation between Hshe"_r;ZE %pc—kc (3.3
won(i) and wep(i—1), fori=2, as
wob(i):f(i)wob(i_l)! (244) Further, we define
8w
where Q= ?pc/the”. (34)
f L dV(_)lldT 24
(|)=W_- (249 Then,
_ 2
For the first region, a direct calculation leads to Ke= (=D Hgper 3.9

In terms of FL modelstH e, r'y, @andQ may be regarded as
the “Hubble constant,” “Hubble horizon radius,” and the
“density parameter.” For;, we put

dt._y; drg
wob(1)=(%+m

wop(0)=F(1) wor(0),
(2.49

where w,(0) is the frequency of the light ray observed by Xi(7int) = TAX, (3.6
an observer rest at the origin=0. Thus, using the above with a constant intervah x
relations, we obtain the redshift of the light ray emitted from
theith shell toward the observer restrat 0 in the form My
AxX=—, (3.7
woll) T N
1+2(0) wop(0) 11;[1 f)- (249 whereNy, is some positive integer.
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Before we proceed, we estimate the magnitude of the rafactor Q/‘/l_kixzi in Egs. (3.10 and (3.1)) is larger than

diationlike term in Eq.(2.17. From Egs.(2.9 and (2.15
with mg, =0, we find

1
mQZn,lzN—g(n—1)2(4n—1)QrH, (3.9
H

1
Mg2n= N—an2(4n—3)QrH, (3.9

wheren is a positive integer. From Eq$2.10 and (2.16),
we find mg(i)=(mg; 1 —mg;)/E; and thus obtain

6n°-6n+1 QO

ms(2n—1)= Nz \/1—k-x-2rH' (3.10
17
(o= O (311
m nN)=-—7—=Iy. .
: NG V1—kpd

Thus, when we consider a large limit with fixing x;

=ry(i/Ny), the proper mas@ms(i)z(D(N,]l) is regarded
as a small quantity, compared wikh (i) andmg; . That is,
the radiationlike term of Eq(2.17) is of orderNg2 of the
other terms, and can be neglected whén is sufficiently
large. We note that whek, is positive (i.e., 1>1), the

unity, and vice versa whek. is negative. This means that, in
the dust-shell universe, the effect of the local inhomogene-
ities (caused by condensing masses to a slogllthe expan-
sion rate appears larger in a closed model and smaller in an
open model than that in a flat model which has the same
Hshell and Xi,S.

B. Distance-redshift relation and averaged density

As described in Sec. IlI, the choice ef corresponds to
choosing an initial hypersurface. We fix the expansion law to
be homogeneous, try some choicegafand study whicle,
makes the distance-redshift relation behave similar to that of
a FL model. We will consider which physical meaning is
carried by that choice, especially in terms of averaged den-
sity. We have already analyzed spatially flat ca§es, k.
=0) in paper I, and found that the distance-redshift relation
agrees with that of dspatially flay FL model quite well
when we choose; so that the averaged density is homoge-
neous. The averaged density inside itteshellp(i) is de-
fined by dividing the “mass” contained withim; by the
three-volume Vol() on the hypersurface up tg. We may
call the density field homogeneous whefi) is independent
ofi.

We here write down explicitly the three volume

r5/2 5r3/2mgi 5r1/2mgi2

+ +
3(1+e?)  6(1+e)? 2(1+ed)?

I

f 512

Vol(i =477f dr=4m| J(1+e’)r—2m.

“ ri—l\/(1+ei2)r_2mgi ( ) Y
20mmg;® V(1+€)ri—2mg+(1+€ed)r;

+
1+e)™"

Fori=1, Vol(1) is equal to 4rr3/3.

Va+edr_;—2my+\(1+ed)r_,

). (3.13

As one can see from the definition of., the choice of

Let us study homogeneous density cases, as in paper Vol(i) (and hence the choice ef) which makes this aver-
Now we have two kinds of mass in defining the averagedaged density homogeneous, i.e., independent(ahd equal

density; proper mass(i) defined in Eq.(2.11) and gravi-

tational massng; which determines the dynamics of its outer

shells.
We first take the hypersurface so thati) using the

to pe) is

VOI(i)=4—7T(r-3—r-3 ) (3.19
3 i i—-1/ .

gravitational mass is homogeneous. We can define the gravi-
tational mass of th¢th shell to be the difference between the We plot thed,-z relation of the dust-shell models fixed in
gravitational mass parameters of the neighboring regionghis way in Figs. 2—4choice A. The employed parameters
Mg+ 1— Mgl =E;mg(j)]. We add the gravitational mass of are 1=1.0, 0.9, and 1.1Hge=1.0, and the number of
each shell up to— 1, and add only half of the mass of thé shells within the initial Hubble radiubly is set to be 4 and
shell. The averaged density thus defined is given as 10. The outermost sheM from which a light is emitted is
chosen to be 28Ny . We also plot theld -z relation in FL
models, which is determined by the initial Hubble parameter
F(i)E{%Eims(i)f 2 E,-ms(j)} / E Vol(j) _H!: initial dgnsity parametef),, and the redshift of the
jST-1 j=i initial time slicez, . These parameters are set using the pa-
rameters of the corresponding shell model Fs=H g
Q,=Q, andz, equal to the redshift of the outermost shell for
Ny =10. In the flat case, the data of the dust-shell models

1
:§<mgi+mgi+1>/ 3, vol()). (314
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FIG. 2. Angular diameter distance-redshift relation in spatially  FIG. 3. Same with Fig. 1 for open modelQ €0.9). The solid
flat (k;=0) dust-shell universe for choice A. Data points are shownline shows thed,-z relation in an open FL model witlil=0.9,
by cross(+) and stafx). The number of shells within the initial H,=Hg.e, Z,=2(i =25). We see a large deviation.

Hubble horizom\y, is 4(x) and 1@+). The total number of shelldl

is taken to be 2.5 Ny, . The solid line shows thd,-z relation in a (3.10 and(3.11), closed universe shows slight deviation one
flat FL model withH;=Hg,¢;- The redshift of the initial hypersur- ' . C .
can notice when compared with the other cases.

face is identified with the redshift of the outermost shell for the case - . . .
For comparison, we try the orthogonal slice, since, in a

N;=25, i.e.,zj=2z(i=25). As shown in paper I, the deviation be- . .

tween the flat FL model and the dust-shell universe is almost unFL.mOdel’ the S|multanepus hypersuriace is orthogonal to the

recognizable. trajectory of matter(choice Q. We choosee; so that the
vector|? is orthogonal to the trajectory of each shell. From

agree with the FL relation as seen in paper I. In the nonflaf® conditionlauf,)(i—=1)=0 atr=r;_;, we obtaine,
cases, however, the FL models chosen in this way do not
approximate the dust-shell models. Even when we increast
the number density of the shell, no improvement is obtained.
Thus, using the gravitational mass of the shell in averagec
density is inappropriate.
Next, we try the choice using the proper mass in defining
the averaged density, 4

1
ﬁi)z[zmsmfZ ms<j>}/ZVol<j>. .
jsi—1 j=<i -

318 © [

+
NI AT TRE NENY - S A N TR WS A TN WA T W N W

After some manipulation, one finds that the volume element 5
should satisfy the relation
V|_7477 re r?,l+ 1 1 - 1
ol(i)=—- e &N ELE Mgi, (3.17)
in order to make the averaged denspyi) equal to e —
g AYi) eq Pe s . 2 3 " .

(choice B. In a flat model, this choice is the same as choice
A. Thed,-z relations for open and closed models are plotted
in Figs. 5 and 6. These plots show that the relations agree F|G. 4. Same with Fig. 1 for closed mode® € 1.1). The solid
quite well with FL models. Thus, we should use the propefine shows thed,-z relation in a closed FL model wit}=1.1,
mass in defining the averaged density. We note that owing tel,=Hg,.;, z,=z(i=25). We see that this FL model does not ap-
the amplification of inhomogeneity which appeared in Egsproximate the dust-shell model.

z
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FIG. 5. Angular diameter distance-redshift relation in the open FIG. 6. Angular diameter distance-redshift relation in the closed
(=0.9) dust-shell universe for choice B. Compare with Fig. 3.(2=1.1) dust-shell universe for choice B. Compare with Fig. 4.
The FL relation(solid line) agrees well with the relation of the The FL relation(solid line) agrees well with the relation of the

dust-shell model.

=dr,_,/dr. Figure 7 shows the -z relation in this choicé.

We can see a mild deviation from the FL model.

C. Discussion on the dust-shell model

In paper | we concluded that th-z relation in a dust-

dust-shell model.

tial energy. Where has their information gone? Reexamining
the Hubble equation of FL models and the expansion law of
the dust-shell models, one notices that it is contained in the
curvature term. In Eg2.16), the curvature term is expressed
as the ratio of the proper mass to the difference of gravita-
tional mass between the inside and the outside regions. Thus,

shell universe behaves as a flat FL universe, when the fokhe curvature gives the ratio of the total energy to the proper
lowing conditions are satisfied: the expansion law resemblegass.

the flat FL model; the behavior of averaged density field is

scale-independent when we increase the scale of averaging
the averaged density agrees wjih [defined by Eq(3.1)].
The discreteness nature of the shell model plays no signifi-

cant role in our spherical model.

However, our analysis was limited to spatially-flat cases
(Einstein—de Sitter modglin this paper, we have examined
the nonflat cases, and confirmed that the above statemer
remains valid. Moreover, paper | could not answer which
mass should be used in defining the average density, prope
mass which appears in the energy momentum of dust shellg*
or gravitational mass which specifies the parameter in
Schwarzschild spacetime; the latter includes the gravitationa
potential energy and the kinetic energy of the shell. In the 1
spatially flat models, they balance and the two masses agre
with each other. From the results of this paper, now it be-
comes clear that the proper mass should be used in definin
the averaged density. This might at first sound strange sinct
the geometry of each region is determined by the gravita-
tional mass which includes the kinetic energy and the poten-

3

2We only displayed an open model. There is no solution when FIG. 7. Angular diameter distance-redshift relation in the dust-

0 >1 which satisfies the conditior(8.6) andlau?+)(i —1)=0 si-

multaneously folN,=10, M= 25.

shell universe for choice @open model with()=0.9). We see a
mild deviation.

103508-9



SUGIURA, NAKAO, AND HARADA PHYSICAL REVIEW D 60 103508

In our model, the expansion law for the circumferentialsum of the proper mass of all the shells in the closed dust-
radius is homogeneous when there are enough number shell universe is the same as the baryonic mass of the closed
shells; the effect on the expansion rate of density inhomogeFL universe, when the distance-redshift relations of these
neities is smallof orderN,?). Fixing the expansion law as universes well agree with each other. On the other hand, by
FL, we studied the connection between thez relation and ~ the investigation in the Appendix, we find that the proper
the averaged density. We have found that if we make th&ass of a shell is the sum of the gravitational mass of the
averaged densitywhich is defined using the three-volume objepts.composing the she_II. H.er.e we Sho“"?‘ recall that .the
element of the hypersurface and the proper mhssnoge- gravitational mass of an object is in general different from its

neous, thai .-z relation agrees well with that of a FL model. baryonic mass; there is a gravitational mass defect and the

That is, there exists a strong connection among the homog‘gi_lfference between the gravitational mass and baryonic mass

d densitv. the h ion las recognized to be the binding energy of the object. Thus, if
neous averaged densily, the NOMOGENeous expansion la, ghe|is are composed of highly bound objects, the sum of

and the FL-like distance-redshift relation, in spite of the dis-ye gravitational mass of all the objects is much smaller than
crete naturelocal inhomogeneity of matter distributipf  yhe haryonic mass. Therefore, even if the total baryonic mass
the du_st:,shell model. This will support the “averaging hy- of the universe composed of gravitationally bound objects is
pothesis” that a universe behaves as a FL model in spite ahe same as that of the FL universe filled with the baryonic
small-scale fluctuations of density field, if its averaged denqyst fluid, the distance-redshift relations of these universes
sity field is homogeneous on large scales. This implies thaty, highly disagree with each other.

even if there exist large wall-like structures, our universe is  Now let us study the difference between these universes
approximated by a FL model on larger scales if the wallsyith the same amount of baryonic mass quantitatively. The

satisfy the above conditions. line element of the closed FL universe filled with the dust
Now we give some comments on the smidlicases; the  fid is written as

cases where the radiationlike term in the expansion law is

not negligible. One may expect that a FL model including ds?>=—d7r?+a?(7)(dy?+sirf ydQ?).  (3.189
radiation term can fit them, but this does not work. It should

be noticed that the radiationlike term is inhomogenei@es,  The solution of the Einstein equation can be written in the
dependent om) in the cases considered in this paper. Thenform

there is no reason one may expect that the behavior of ob-

servables obeys a FL-like relation; it is natural that we can- _2M
; : ) . I a=—-—(1-cosyp), (3.19
not fit them with FL models including radiation term. That 37
is, it is impossible to approximate such an inhomogeneous
model that has a significant large-scale inhomogeneity by a 2M )
FL model. 7=3 - (n=siny), (3.20
a
D. Implication on the universe filled with bound objects whereM is the total mass of the dust angs0;<2. In the

We can obtain further insight into the treatment of inho-dust-shell model, the madd is given by the sum of the
mogeneous universes by investigating the dust-shell universgavitational mass of all the objects in the universe if the
from a different viewpoint, especially in connection with Shells are composed of bound objects; we denote Mhy.
gravitationally bound objects. We discuss its implications on©On the other hand, in the FL universe filled with the baryonic
the estimation of the cosmological parameters of a locallyust fluid,M is the total baryonic maslg. When the two
inhomogeneous universe. universes have the same amount of barydhg<Mg holds.

We start by considering the construction of a dust shell Here we study how the Hubble paramekerand density
from small particles. In the Appendix, we consider momen-pParameter} at a fixed ager=r, change when we change
tarily static initial data in which the intrinsic metric of the the mass parametéd. The Hubble parameter and the den-
spacelike hypersurface is conformally flat and there are arbisity parameter are defined by
trary number of compact objects. By construction of the so-

lution, locations of the objects are arbitrary. Hence, by ar- _1 d_a: 3msiny (3.2)
ranging an infinite number of infinitesimal objects with an “adr 2M(1-—cosy)?’ ‘
appropriate procedure, we can construct an infinitesimally

thin shell which is momentarily static. As discussed in the aM 2(1—cosy)

Appendix, a spherical shell constructed by this procedure is 0= 37a%H2  Sir? 7 (3.22

likely to be regarded as a dust shell treated in this paper.

Hence, by arranging sufficient number of such shells by thgyhere M and 7 is connected through the relation,
manner shown in this paper, we can obtain a system of com= (2M/37) (5—sin7). Then the derivative oM with re-

pact objects which well imitates a FL universe. spect toy is given by
Next, let us consider a closed FL universe filled with
baryonic dust fluid and a dust-shell univergg a universe IM 377(1—cosy)
filled with compact objeciswhich have the same baryonic E == W (3.23
mass. The analysis of the dust-shell universe implies that the 7o
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From Egs.(3.21), (3.22, and(3.23, we obtain verse is filled with highly bound objects. On the other hand,
when the universe is in the stage when the curvature of the

dH | 37{3(n—sinzy)—n(1—cosy)} (3.24 universe is not dominant, the effect of the mass defect is
IM | 2M?(1—cosp)® ’ ' rather small. We note that, however, in order to discuss the
0 physical quantities of the inhomogeneous univeesg., the
QO 2(1— e age of the univergeand its whole time evolut_lon using a FL
(9_ =— ( cosn_)(n smn)' (3.25 model constructed by the nearby observations, we have to
oM 7 M sir® know the behavior of the scale factor in the transition regime

from the almost FL universe to the inhomogeneous one. This
One can confirm the positivity ofH/dM and hence the problem is now under investigation and will be given else-
Hubble parameter increases with increasing ns©n the  where[23].
other hand, the density parameferis a decreasing function
of M in the expanding phase while an increasing function in
the contracting phase. This implies that if the dust shells are IV. SUMMARY
made of bound objects, the Hubble parameter of the dust- \ye studied the behavior af,-z relation in a spherically

shell universe is smaller, and the density parameter is largeg mmetric dust-shell universe where the mass distribution is
than those of the FL universe filled with baryonic dust fluid giscrete. Extending the treatment in our previous paper

(in the expanding phagevith the same amount of baryons hich only spatially flat models were considered, we ana-
and the same age, since the relatidg<Mg holds. lyzed nonflat cases. We compared the distance-redshift rela-
In the limit of 7/M—0 (accordingly 7—0), the closed jon of dust-shell universe with that of FL models. In par-

FL universe filled with dust fluid behaves lsimilar to the ticular, we examined the behavior of the averaged density of
Einstein—de Sitter universe. The behaviotbf*dH/dM in the dust-shell universe when the twig-z relations are simi-

this limit is easily obtained: lar. We found that thel,-z relation observed at the center
1 9H 1 , agrees quite well with that of a flat FL model if the following
-7 —— for 2_.0. (3.26  conditions are satisfiedi) the expansion law of the circum-
HoM|  30M M ferential radius of the shells resembles the Hubble equation

’ of a spatially flat FL model{ii) the behavior of averaged

Using the above equation, the difference in the Hubble padensity around the observer at the center is scale-independent
rameter of the dust-shell univerddpg, and that of the FL  as we increase the scale on which we take the average, and
universe filled with the baryonic dust fluidg,_is given by (i) the averaged density agrees with the energy density of
the FL model. In defining the averaged density, we take the
He—Hps 1 1 total proper mass of the shells and divide it by the three
He 30|\/|B(MB_ MG)<3_0' (327 \olume of the initial hypersurface. We noted that the choice
of the initial hypersurface relates the expansion law to the
Thus, at the nearly Einstein—de Sitter stage, the effect of thaveraged density.
mass defect of the objects in the universe is rather small. The effect of discreteness of mass distribution appears in
(The difference in the density parameters of these universahie equation of motion of each dust shell. This effect be-
vanishes in this limi). On the other hand, at the stage of the comes smaller as we increase the number density of shell,
maximum expansiom= , the derivativesd "1gH/9M and  though we found that the positive curvature has tendency to
dQ/dM blow up. This is simply becaudd goes to 0 aty  enhance the inhomogeneity effect. We conclude that, in this
= and thus the diverging behavior itself has no seriousspherical dust-shell model, the discrete nature of matter dis-
consequence. However, this indicates the tendency that thgbution plays no significant role in discussing the observed
effect of the binding energy of the compact objects becomeguantities such ad, andz, as long as the expansion law and
somewhat larger than the Einstein—de Sitter epoch when thiae averaged density field is sufficiently homogeneous in the
curvature of the universe is comparable to the energy densityense described above. This supports the averaging hypoth-
of the dust fluid. esis that a universe is described by a FL model if the uni-
The observation of CMBR strongly suggests that our uni-verse is homogeneous when the density is averaged on a
verse was highly isotropic and homogeneous at least on tHarge scale than the scale of the inhomogeneities. This may
last scattering surface. Hence in the study of the universe ialso imply that even if there exist large wall-like structures,
the early stages, the linear perturbation analysis is powerfubur universe is approximated by a FL model on larger scales
In order to perform the linear analysis, we need to fix theif the walls satisfy the above conditions.
background FL universe, whose cosmological parameters are However, we have to keep in mind that our model is
usually determined by the observation of our neighborhoodhighly idealized and our analysis is limited only to spheri-
The universe observed today is, however, highly inhomogeeally symmetric cases. In general, local inhomogeneities
neous and the inhomogeneities may prevent the correct dstrongly affect the light propagation, giving rise to disper-
termination of the background FL universe. The above dissions in the observed,-z relation[24—26. It will be also
cussion implies that taking account of the binding energyinteresting to study cases when the light ray enters a shell in
may be important in estimating the density parameter and tha nonradial direction.
Hubble parameter near the maximum expansion, if the uni- It still remains unclear whether three-dimensional dis-
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creteness have a significant effect on the dynamics of théor |X—X,|<I, (radius of thelth objec}, while pg, vanishes
universe. The study of the momentarily static initial data infor [X—X,|>1, . The solution of the Hamiltonian constraint is
the Appendix strongly suggests that when the universe ithen written in the form

filled with bound objects, the dynamics of the universe is

determined by the gravitational mass density of the objects n

but not by the baryonic mass density. The gravitational mass y=1+ 21 s (A6)

of a compact object is in general different from its baryonic

mass due to the gravitational mass defect. The effect of th@here y, satisfies the equation

mass defect on the dynamics of the universe is significant at

the stage of the curvature-dominant phase while it is not AyYy=—2mpg, (A7)
significant at the early stage of the universe, i.e., the stage

during which the universe behaves as the Einstein—de Sitté¥ith the boundary conditiogy; —0 for [X—X,|— .

universe. However, in general, there are both the bound and Integrating Eq(A7), the solution of the Hamiltonian con-
unbound objects. Hence we should consider a situation instraint is easily obtained:

cluding both objects and investigate their effects on the dy-
namics, which is left for our future work.

1//=l+277|21 fm |dysz'ydxxsz,(x). (A8)
=1 Jix-x, 0
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APPENDIX: MOMENTARILY STATIC INITIAL DATA m'E‘”TfO dxCpg (X)- (A10)
OF A SPHERICAL SHELL
COMPOSED OF BOUND OBJECTS We also consider the proper mass, of the Ith object de-

In order to get an insight into the origin of the proper fined by
massmg of a spherical shell, we consider momentarily static
initial data of which the extrinsic curvature vanishes. The mp.Ef d3XpH|l/l6=f d3xpg 1. (A11)
intrinsic metric of the three-dimensional spacelike hypersur-
face is assumed to be conformally flat, If the compact objects are composed of dust fluig, is the

conserved rest magbaryonic mass The above integral is
2 1A\ A 92
dIf=y () dx, (A1) easily performed to give
whereX is a position vector. Then the Hamiltonian constraint 1 E m;
is written as my=m| 1+ 6+ = —, Al2
pl | | 2J¢| |X|_XJ|> ( )
_ 5
Agp==2mpnyr, A2 here

whereA is the Laplacian operator in the flat space apdis 1
the energy density for an observer whose trajectory is normal 5= _f d*xpg i
to the spacelike hypersurface. m
We introduce the gravitational mass density defined by 8w (1, w0 y
. T dzzszI(Z)f dyy_zf dxXpg)(X).
Pg=PHY. (A3) I /0 z 0

. N : . A13
Let us consider a situation whene“spherical” objects ex- (AL3)

ist. We givepg by Now let us consider the “gravitational mass” of théh
object, which includes the gravitational binding energy. In

=§n: (Ad) order to obtain it, we replace the compact object by an
Pe= & Pai Einstein-Rosen bridge with the same mass paramater
This means that we employ solutigA9) even inside the

where object. Now instead of the compact object, we have a
“sheet” with an asymptotic region|X—X,|—0. In this
pei=pci(|X—=%[)=0, (A5)  asymptotic region, one can define the ADM méaggavita-
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tional masg M, which corresponds to the total energy of theticle which causes a nonradial motion is likely to be very
Ith object. Brill and Lindquisf22] showed thatM, is given  small. These two should work to keep the spherical symme-

by try and the radial motion of the shell during its evolution.
In order to obtain the relation betweém,; and the mass

12 m; parametemyg; of the Schwarzschild spacetime in thé re-

Mi=m| 1+ 270 %% ) (A14) gion, we investigate the line element in thé region. The

conformal factor in Eq(A1) in theith region is written as

Then the gravitational binding enerﬂ,md of thelth object
is naturally defined as I=A+ % (A19)
Ebing=M;—Mp=—m; 5 . (A15) . . o
whereA, is a constant anB=|x|. From the continuity of the
The above equation implies that is the specific binding conformal factor, we obtain a recurrent relation fgras
energy of thelth object.

Here let us consider a situation in which compact objects
with almost identical mass,~m are distributed homoge-
neously on spheres with a common center labeledi by
=1,... N. Theith sphere contains the objects labelediby Since the value of\y., in the outermost region is unity, we
in the rangen,+1=<I=<n,,,, wheren,;=0, n,<n;,,, and can obtainA; for 1<i<N by the above equation. Equation
N1 is equal to the total number of the objectsNote that ~ (A19) gives the line element as
the position vector of théth object on theth sphere satisfies
[X,|=R;. Let us denote the sum of the parametgrinside dI2= A%
theith region as

1
A=At Z_Ri(MgiJrl_Mgi)- (A20)

M o\ 4
1+ ﬁ) (dR?+ R2d02). (A21)
i

ni Introducing a new radial coordina¥=AZ?R, the above line
MgiEIZl m; . (A16)  element becomes
. . . AMgi\*
We consider a limit where the number of the objects on each di?=| 1+ —-=| (dX2+X2dO?), (A22)
shell goes to infinity wittM y; fixed: n;  ; —n;—cc for all i’s. 2X

By th'.s procedurel, we obtain a system of.|nf|n|tely tihin which is the line element of the Schwarzschild spacetime in
spherical shells with a common center. This system has th

same configuration as that treated in this pagee Fig. 1 fﬁ.e. |sotrop|c_coord|nate. Then the mass paranmeigis now
o . trivially obtained as
In the limit wheren;,;—n; is very large, the mean separa-

tion L between the objects is given by myi=AMy; (A23)
L~ A (A17) As reviewed in Sec. I, the dynamics of an infinitely thin
Nit1—N;’ shell is treated by Israel's formalism. The equation for the

circumferential radius; of theith shell is given by Eq(2.9):
while the mass parameten is
2 2M;  mi(i)
—y 45:2 . (A24)

Mgi+l_ Mgi
I i

(dri
—_——=r 9 d
M (A18) T

2_(M_(i)

mg(i)

We assume that the radius of each objed{isam,, where The proper.masms(l) (.)f a O!USt shell is (_:onse_rved during its
time evolution. We will write downmg(i) using the mass

a is a constant. If we consider an Einstein-Rosen bridge arameters of the obiects composing the shell. by comparin
instead of the object, we choose the constarib be 1/2. b ) b 9 » oY baring

This assumption implies that in the large-{,—n;) limit the above equation with the solution of E&1). The mo-
P P : the fargerL, = ' mentarily static situation corresponds to the moment of
[,/L approaches to zero since it is proportional tq (;

—n,)~12 Hence a shell obtained by this limit is extremely "o um expansiodr; /d7=0. Hence from Eq(A24), we

sparse. In order to know whether the shell obtained by thisObtaln the relation

limiting procedure is a dust shell, we need to study the time
evolution of this initial data. Although we do not investigate (
its time evolution here, it seems likely that a shell composed

of infinite number of infinitesimally small objects is a dust ) ) o
shell by the following reason. Since the mean separation bl the present situation, we know the gravitational mags

tween the objects is infinitely larger than the radius of eacrfnd the circumferential radius which is related wittR; by
object, a direct collision between the objects is impossible
when the shell is shrinking. Further, sineg/L is extremely r=R
smaller than unity, the effect of the gravity of a nearby par-

M(I)) B 2M; ms(l)_O. (AZ5)

. —14 =
mq(i) ri 4r?

A+ Mg”l)z (A26)
i+1 2R| .
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Hence Eq.(A25) is regarded as an algebraic equation to

determine the proper massy(i) of theith shell. The posi-
tive roots of this equation are given as

ms(i)=m5+=ri<\/ 2m-i\/1

1-—9
|

wheremg;<mg;, 1 is assumed. In order to make the mean-
ings of the above roots clear, we consider Efj12. At the
moment of the maximum expansian,should be larger than
or equal to 2ng;,,. First we consider the case whep
>2myg;, 1. Then we easily find thatt . ); /dr is negative for
ms(i)=mg, and positive formg(i)=ms_. Together with
Eq. (A26), the positivity of dt .y /d7 implies thatmg(i)
should be equal tmg_ for R;>my; /2 (i.e., the direction of
the time coordinateé ) should agree with that of the proper
time 7 in this asymptotic region while it should be equal to
ms_ for Ri<mg,4/2. When ri=2mg,;, ie, R
=mMy;;1/2, the solutionmg, agrees withms_ and hence
m(i) is equal tomg. in this case.

From Egs.(A20) and (A23), we find

. 2mgi+l
ri
(A27)

1
Mgi=1Ajs1T ﬁ(Mng_Mgi) Mgi,  (A28)
I
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Mgi+1=Ai+1Mgis 1. (A29)

Using Eqgs.(A26), (A27) and the above equations, we obtain

) M
ms('):(Mng_ Mgi)<Ai+l+

imposingdt.); /d7>0. On the other hand, in the spherical-
shell limit, the gravitational masdl, in Eq. (A14) of thelth
object on theth shell becomes

Hence we find in the limin;  ;—n;—< for all the shells,

Mgi+1

2R (A31)

Ni+1

>

M| —mg(i).
I<m+1

(A32)

This equation implies that the proper mass of the shell is the
sum of the gravitational mass of each object, not the sum of
the proper mass of each object.
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